KAYAKING AND WAGGING OF
RIGID ROD-LIKE COLLOIDS IN SHEAR FLOW

Yu-Guo TAO



TAO, V.-G.

Kayaking and wagging of

rigid rod-like colloids in shear flow

Thesis, University of Twente, Enschede

ISBN: 90-365-2356-7

Printed by PrintPartners Ipskamp, www.ppi.nl

P.O. Box 333, 7500 AH Enschede, The Netherlands

Copyright©2006 by Y.-G. TAO, Computational Biophysics Group,
University of Twente, The Netherlands

Front cover:The path of the director of a kayaking (left) and waggingtit)gsystem of rod-
like particles on the unit sphere

Back cover:Snapshots of rigid rods collectively changing their orgitns by 180 degrees

Typeset inATEX, by the author



KAYAKING AND WAGGING OF
RIGID ROD-LIKE COLLOIDS IN SHEAR FLOW

DISSERTATION

to obtain
the doctor’s degree at the University of Twente,
on the authority of the rector magnificus,
prof. dr. H.W.M. Zijm,
on account of the decision of the graduation committee,
to be publicly defended
on Friday, 12 May 2006 at 16.45

by
Yu-Guo TAO

born on 8 September 1975
in Changchun, P. R. China



This dissertation has been approved by:
the promoter

Prof. dr. W.J. Briels

and the assistant-promoter

Dr. ir. W.K. den Otter



Contents

1 Introduction 1
1.1 Liquid crystalline polymers . ...... ... e 1
1.2 Rod-like colloidal system : thel virus ............ ... ... 2
1.3 Isotropic-nematic phase transition of rod-like calldisystems ............. 4
1.4 Collective periodic orientational motions of rigid soith shear flow ......... 7
1.5 Brownian dynamics simulation ................ . ieuiiii 8
1.6 Thesisoutline. ... ... ... . i e 11

2 Self and collective rotational diffusion coefficients 13
2.1 INtrodUCtion ... ... e 13
2.2 TNBOIY .ot e 15
2.3 Simulationmethod . ..... ... .. 18

2.3 1 DYNAMICS .ottt 18
2.3.2 Potential . ... e 21
2.4 RESUIL ... e 23
2.4.1 Measurements of the rotational diffusion coefficrtp) .......... 24
2.4.2 Collective orientationaldecay .............c.couiiieenieen... 27
2.5 CONCIUSION . ..o e 30

3 Isotropic-nematic spinodals 37
3.1 INtroducCtion . . ... e 37
3.2 Simulationmethod ....... ... ... .. . 39

3.2.1 Eventdrivenalgorithm ............ ... ... .. ... .. . ... 39
3.2.2 \Validation of the algorithm . . ...... ... .. ... .. ..o ... ... ..., 46
3.2.3 Startconfigurations ...........c.. a7
3.3 Results and diSCUSSIONS . ... ..ot i e 48
3.3.1 Rotational diffusion coefficients ................ ... ... ... .. 48
3.3.2 SPIN0dalS ... 50



CONTENTS

3.3.3 Spinodal shiftduetoshear ........... ... ... . oo, 54
3.4 CoNCIUSION . .o e 56
4 Kayaking and wagging of rods in shear flow 59
5 Periodic orientational motions 67
5.1 INtroduction . .. ... o e 67
5.2 Simulationmethod ........ ... .. . . 69
5.3 Results at low and intermediate shearrates ......................... 71
5.3.1 Tumblingand kayaking. ............ .ot 71
5.3.2 Shear rate and volume fraction dependence of the kaypkriod ... 74
5.3.3 Finitesizeanalysis............coo i e 77
5.3.4 Comparison with theoretical results. ... ......couu.ooo... 78
5.3.5 Comparison with experiments ............ ... cumuuerneeo... 81
5.4 Resultsathighshearrate ........ ... ... . oo 82
5.4.1 Kayakingtowagging transition ................ccociiiii.... 82
5.4.2 Theflowalignedstate ...............ciiiiiiiimmmnean, 85
5.5 Influence of the initial director. . ........ ... . e 86
5.6 CoNnClUSION . . ..o e 89
6 Shear viscosities and normal stress differences 91
6.1 INtroduCtion .. .. ... .. e 92
B.2 TREOIY .ttt 93
6.3 Results and diSCUSSIONS ... ...ttt e e 95
6.3.1 Shear thinning of isotropic systems .. . ........ .. ... ... .. 96
6.3.2 Shear thinning of nematic systems. .......................... 99
6.3.3 Normalstressdifference ........... ... . iiimmni ... 103
6.4 CONCIUSION . .. o e 106
Summary 109
Acknowledgment 117
Bibliography 121



Introduction

1.1 Liquid crystalline polymers

Liquid crystalline polymers are beautiful examples of mials that both fascinate from a
fundamental point of view — they form complex fluids with iigiiing symmetries and un-
usual elastic properties — and are highly interesting fohtelogical applications. Liquid
crystals possess spontaneous orientational order butiadull three-dimensional positional
order of solid crystals. Crystals consisting of sphericayimmetric molecules can have posi-
tional order, while those consisting of less symmetricalenoles,e.g, rod-like or disk-like
molecules, can have orientational order. Positional ordplies that the molecules’ centers
of mass tend to lie on lattice points, while orientationalesrimplies that molecules tend to
point in the same direction.

Fig. 1.1 shows some typical configurations of hard sphenodgts, which represent
isotropic, nematic, smectic-A and solid phases, respaytiin the isotropic state, the liquid
crystalline polymers are randomly displaced and there ifawored direction of their end to
end vectors. In the uniaxial nematic phase, molecules pi@feint along a special direction
designated by a unit vectdr called the director.f is the eigenvector of the orientational
order parameter tens&with respect to its largest eigenvalBewhich measures the degree
of orientational order and can also be definedPas %(cos’-(e» - % where@ is the an-
gle between the long axis of a particle and the average atienth of all particles. In the
isotropic phase the scalar orientational order parank&terzero, while in the nematic state
P, becomes nonzero, reaching unity when all molecules pothisame direction. Smectic-
layered materials can be either liquid crystalline or alste, depending on the presence or
absence of long-range three-dimensional order. Besidesithplest smectic-A, there are
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Smectic-A Solid

Figure 1.1:Typical configurations for hard spherocylinders witjilb.= 5. These four snap-
shots present isotropic, hematic, smectic-A and solid ghasespectively. (adapted from
Ref. 101)

many other smectic structures, which are well describedday @nd Goodby [54].

There are two types of liquid-crystalline polymers (LCP$)ermotropic LCPs lack sol-
vent and their phase transitions are driven by temperahaeges; lyotropic LCPs mix with
solvent and their phase transitions are driven by condémrahanges. In this thesis, we
focus on the concentration-dependent lyotropic LCPs, amdesearch interests are in the
regions of isotropic and nematic order.

1.2 Rod-like colloidal system : the  fd virus

In the 1960’s, Hoffmann-Berling [66, 100], who was very féiariwith bacteria and viruses,
purified two previously unknown bacteriophages from Esiché coli extracted from a ma-
nure pile. He named one of the phages, which contained sesgtginded DNA, théd virus.
The second virus proved to be an example of a single-straRfi#dbacteriophage and was
namedfr virus. Although at that time all known bacteriophages weteesical, electron mi-
croscopy and X-ray crystallography revealed the rod-sthéyedical structure of théd virus.

2
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Therefore thdd virus proved to be the first example of a filamentous bactbegp. Later on,
the analysis ofd’s protein shell showed that its viral capsid was unusudfiple. Compared
to other virusesfd was not only difficult to break apart, but also reaggregasgdty when
individual units were mixed together.

Figure 1.2:Electron micrograph of single fd virus. (adapted from R&#)

Fig. 1.2 shows three Transmission Electron Microscopy () Eiages ofd viruses. The
fd virus consists of a single-stranded circular DNA molecuated with a protein layer of
2700 identical protein subunits. The slightly flexilidevirus has a contour length &f= 880
nm and a diameter db = 6.6 nm, as obtained with electron microscopy [30, 47, 88]. The
persistence length of this viruslis = 2200 nm, which is about.2 times its contour length.
Thefd molecules are charged, resulting in an effective diameléeinis larger than the above
mentioned thickness of.& nm. From Onsager’s expression for the effective diameter o
charged rod [114] a diameter of B4Anm is obtained, resulting in an effective aspect ratio
L/D of 60.

Thefd virus is a good model system to study liquid crystalline wédraexperimentally,
not only because it is easily grown in large quantities, vagnodisperse and very stable
in solution, but also because it is easy to use standard mlaledoning techniques to alter
the basic properties of the virus. Tkevirus is considered an excellent representative for
hard spherocylinder (HSC), irrespective of its inherenakflexibility. Some dynamical and
rheological properties of these biomacromolecules arepeoaile with those obtained by
theoretical investigations and computer simulationsgitiriods.
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1.3 Isotropic-nematic phase transition of rod-like col-

loidal systems

Figure 1.3: Optical birefringent micrographs of fd viruses in (a) neinand (b) smectic
solution. (adapted from http://www.elsie.brandeis.&dctuire Archive/)

Fd viruses can form, in order of increasing concentrationablstisotropic and nematic
phase, and even a smectic phase at extremely high cond@msraMicrographs of the later
two are shown in Fig. 1.3. Theoretically, according to Orsd@13, 114] a concentrated
homogeneous system of non-spherical colloidal partidescecome unstable or meta-stable
with respect to fluctuations in orientation. This can indgoacentration differences and
finally lead to a separation into a low concentration phaskahigh concentration phase.
In the low concentration phase, the particles are in an taiiemally disordered isotropic
phase; while in the high concentration phase, the partaiesn an orientationally ordered
nematic phase. Two kinds of phase transition concentrmsbould be distinguished. One of
them is called the binodal concentration, which measuresdhcentration of the isotropic or
nematic phase in thermodynamic equilibrium with the otheage. The other one is named
the spinodal concentration, which is defined as the coragmtr at which a homogeneous
system becomes absolutely unstable. In other words, thedgli separates the (meta-) stable
region from the unstable region in the phase diagram.

In the experiments ofd viruses [30, 88], the two binodal concentrations are founloet
equal to 130 mg/ml and 14 mg/ml, respectively. Using a molar mass dd4x 10’ g/mol,
these correspond top /D = 4.5 and 48, respectively, wherg is the volume fraction. These
values are higher than the theoretically predicted valfi8s329 and 4219 by Onsager [114].

4
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The discrepancy is probably due to the slight flexibility loé fd virus and the tendency of
the rods to acquire mutually perpendicular orientatiores tdutheir charges.

For solutions of very long and thin rods, the binodal congittns are relatively easily
determined experimentally: one can measure directly timeamtrations of the two phases
after phase separation. Theoretically, the binodal poiate been determined using different
approximations in minimizing Onsager’s function for thedrenergy. These theoretically
predicted binodal concentrations of rod-like colloids é&een confirmed by computer sim-
ulations for various shape anisotropieD [10]. For a more complete description of binodal
concentrations, we refer to a detailed review article ofeg® and Lekkerkerker [139] and
references given there in.

Spinodal points, on the other hand, are difficult to obtaipezimentally, because one
has to perform a concentration quench from a phase with gvedialower or higher con-
centration into a two-phase region, where the initial siatgther isotropic or nematic. The
two spinodal concentrations can not be detected with arfyiticcuracy, because close to the
theoretical spinodal on the (meta-) stable side, the augdibf the order parameter fluctua-
tion necessary to initiate demixing is very small. When tleefenergy barrier to demixing
is less than aboWkgT, the demixing will occur immediately, making a sharp expemtal
determination of the location of the spinodal impossible.

The spinodal concentration can be calculated from thermaaiyc considerations, since,
by definition, the spinodal is the set of variables where tiee £nergy barrier for phase
separation becomes equal to zero. The location of the saimath be obtained by a linear
stability analysis of the equation of motion. The set of thedynamic controlled variables
(we consider the concentration in the current work) wheeeetjuation of motion becomes
absolutely unstable defines the spinodal. This kinetic difimof the spinodal should reduce
to the usual thermodynamic definition. For rod-like colllidystems, the spinodal points
can be obtained theoretically when the equation of motiohfe orientational order param-
eter tensor predicts unstable behavior beyond some caoatient In the current work, we
treat the system by means of Brownian dynamics simulatioa.c# therefore analyze the
fluctuations of the orientational order, and find the spih@dacentrations, directly. To this
end, in the simulations we measure the orientational ordexrpeter tensd®, defined as

S(t):N’lzGi(t)Gi(t)—%lA, (1.1)
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where(;(t) describes the orientation of roat timet. N denotes the total number of particles
while I is the unit matrix. As already mentioned in Section 1.1, Hrgést eigenvalui of
the tensoS measures the degree of nematic alignment of rBgls: 0 denotes that the system
is in the isotropic state, whilg, = 1 stands for a perfectly aligned state.

unstable nematic - | « meta-stable nematic -
1

Order parameter

o

Concentration
<— meta-stable isotropic — |« unstable isotropic

Figure 1.4:The bifurcation phase diagram, which indicates variousanand unstable re-
gions for the two different homogeneous suspensions. Hesnd o are used to denote

binodal and spinodal points, respectively. (adapted fragh R6)

In the bifurcation phase diagram of homogeneous systemgirilF, the scalar orien-
tational order parameté®, is plotted against the concentration. In equilibrium, éhisran
isotropic phase with Concentrati@ﬁ”” in coexistence with a nematic phase with concentra-
tion C2", after completion of the phase separation. The two solieslistand for stable sta-
tionary solutions of the equation of motion for the orieittasl order parameter tensor, while
the dashed lines represent unstable stationary solufldwsisotropic state becomes unstable

spin

SPIn \while

when the system concentration is larger than the critidalosfal concentratiorC.

the nematic state becomes unstable at concentrations tbareanother spinodal concentra-

tion,C3"". On the one hand, when the system concentration is aB¥\ethe isotropic state

is still a stationary solution, but unstable; on the otherchavhen the concentration is below
ﬁpi”, there is no nematic state which is a stationary solutiomefequation of motion. The

two spinodal concentratiof@™" andC3”" are connected by a separatrix which separates the

basins of attraction for the isotropic and nematic stateombgeneous initial state above this
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separatrix develops a higher degree of alignment, whilen#iali state below the separatrix
becomes more isotropic.

It is known that shear flow increases the tendency of roddideoids to align along the
flow direction. An initial stable isotropic rod system wilightly align in the presence of
shear flow and form a paranematic phase, where the degregmhaint is lower than that in
a nematic phase. Therefore, the spinodal concentratidhsenghifted to lower values when
an external shear flow is applied. Unfortunately, phaseistence and the kinetics of phase
transition in lyotropic solutions of rigid rods in shear flane less well understood [24, 112].

In principle, the spinodal points can be obtained numdyidal solving the equation of
motion of the orientational order parameter tenSoSome approximations then have to be
introduced due to the complexity of this tensor. Dhont aridiBf24] developed theoretically
a bifurcation diagram from the equation of motion for thesatational order parameter tensor
in shear flow and worked out a set of non-equilibrium spingdait infinitely long and thin
rod systems. The only experimental evidence, based onrssisps offd viruses [88], shows
difficulties in the investigation of the shear-induced shffthe isotropic-nematic spinodals.

Computer simulations are therefore needed to provideduittiormation.

1.4 Collective periodic orientational motions of rigid

rods in shear flow

In a simple plane Couette shear flow, the flow fild) is given by

V(r)=F-r= (1.2)

o O O

o O <

o o ©
=

wherey is the shear rate arfdis the velocity gradient tensor. Anczurowski and Mason [3, 4
observed experimentally that a single rigid rod-like getrotates indefinitely when the long
axis of the rod is in the shear plane (the plane parallel th blo¢ flow and the gradient
direction), which was investigated theoretically and nddeffery orbit [70]. The rod rotates
slowly when its long axis is nearly parallel to the flow diieat but rapidly otherwise.

Nematic solutions of rigid rods exhibit collective periodirientational motions,e., tum-
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bling, kayaking, wagging, flow-aligning or log-rolling, gending on the applied shear rates
and the initial configurations of the systems. This fasaigatdynamical phenomenon was
first investigated theoretically by Hess [59] and Doi [33heY independently studied homo-
geneous systems of rigid Brownian rods with infinite aspatibr In the Doi-Hess model,
the key object is the time evolution of the orientationatmisition function (ODF)y(Q,t),
which gives the probability density that a rod is orientezhgl( at timet. The kinetic equa-
tion, which describes the dynamics of rod-like polymersigsved as

W 0 (o0, v N@] 2 (o
ot 2% |50 TikeT aa } <dt ) (2-3)

a0
where D is the constant rotational diffusion coefficient ad is the thermal energy. The
partial derivative with respect t@ represents the gradient over the unit sph&f@l) repre-
sents a mean field nematic potential, which is approximayatié Maier-Saupe [95] form:

V() = —gu kT (00) : G0, (1.4)

whereU is a dimensionless potential intensity and the bracketetéesnsemble averaging.

The Doi-Hess model has been extended with some closurexapyations, which shows
that it is indeed capable of predicting most rheologicapoeses of liquid crystalline poly-
mers in the nematic phase. Marrucci and Maffettone [97, 98,a@alyzed the Doi-Hess
equation numerically by reducing the orientational digttion function in two dimensions.
Larson andDttinger [80, 84] solved this model by expanding the ODF inesjral harmonic
functions. In these ways, various types of motioeg, in-plane tumbling, out-of-plane
kayaking, wagging, flow-aligning, as well as log-rolling ngeénvestigated.

In contrast to theoretical works, experimental observetif91] show great difficulties
in measuring these periodic motions. Existing computeutations of sheared systems are
limited to either isotropic solutions of rods [142] or eBid systems with small aspect ratios
[106]. We therefore perform Brownian dynamics simulationirivestigate the orientational
behavior of concentrated liquid crystalline polymers ieahflow.

1.5 Brownian dynamics simulation

Computer simulation is an increasingly valuable supplerteaxperiment and theory in the
guest to understand complex liquids. It provides a direatedrom the microscopic details

8
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of a system to the macroscopic properties of experimentaténts. The advantage of simu-
lation is that they can be aimed at either molecular or micucture length scales. The most
widely used molecular-scaled simulation methods are mitdedynamics (MD), Brownian
dynamics (BD) and Monte Carlo sampling (MC). Molecular dyes is the most detailed
simulation method, where Newton’s equations of motion ateesl for a large collection of
molecules which interact with each other via intermolecplatentials. For fluids that con-
tain large polymer molecules or colloidal particles in a Bmeolecule solvent, this method
becomes inefficient, because the typical time step in thalaion must be scaled to the
motions of fast-moving solvent particles. This leads toresufficient probing of the interest-
ing large scale motions of large polymer molecules or pagicThe Monte Carlo sampling
method generates a large number of configurations or matessof the equilibrated system
by stepping from one microstate to the next in small randareiments. It is not particularly
well suited to simulate time-dependent phenomena.

In a simulation of very large molecules or a collection of\he@ns in a solvent, the
motions of the solvent molecules are of little interest, they will make a full molecular dy-
namics simulation very expensive. This difficulty has ssstaly been circumvented by the
development of Brownian dynamics [39, 135], which showsgh tfficiency for simulating
complex fluids. In Brownian dynamics simulations, the gos# and momenta of the small
solvent molecules do not appear and the effects of thesergalwolecules on the solute are
considered by a combination of random and frictional fordasother words, the Brownian
motion of the large solute particles, which is produced lgyrindom collisions with solvent
molecules, can be treated by a stochastic force generateghdgm numbers. In this way,
Newton’s equations of motion are replaced by a Langevin qua

dp; .
% = —Gi(x — V) +Ff+F, (1.5)
wherep; is the momentum of particieandx; its position coordinate(; is a friction coefficient
which represents viscous dissipatiefidenotes the local solvent velocity, which is controlled
by the imposed flow fielde.g, a shear flow in this study= is the conservative force acting
on particlei produced by intermolecular interaction, whﬁé is the Brownian force which

has zero mean and variance of

(FP(t)FP(0)) = 2keT (1) . (1.6)
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whered(t) is the Dirac delta function.

To update the positior of each Brownian particle, one has to carry out two integresi
the momentum and the position coordinate. On the diffusive scale (also known as the
Smoluchowski time scale), the momentum is in thermal dguilm with the solvent. For
constantf;, the average of Eq. (1.5) equals zero. By doing so, one arat/e

I _ sy g-L(EeLED 1.7
g VG (RER). (1.7)
This integrated Langevin equation, which only involvesybsition coordinates, is thus ready
to be solved. Se€hapter2 for more details.

In the Langevin equations of motion, the temperature of yfs¢esn is set by the ampli-
tude of the autocorrelation function of the imposed stotibésrce, which is proportional to
ksT according to Eq. (1.6). This will prevent the occurrenceevhperature drift due to ac-
cumulated integration errors. In the overdamped case, Bh@mnian dynamics applies, the
system looses its memory of the initial velocities long befits configuration has changed
appreciably. Thus, the velocities are eliminated altogieimd the time step is adjusted to the
rate of change of the configuration. On the diffusive timdesddie average force acting on
a particle is considered equal to zero, indicating that thesrof a particle plays no role in
Brownian dynamics simulation.

The problem of surface effects in a finite simulation box cambercome by implement-
ing periodic boundary conditions [1]: a rectangular boxéplicated throughout space to
form an infinite lattice. When a molecule moves in the originaX, its periodic images in
each of the neighboring boxes move in the exact same way. Whaa a molecule leaves
the central box, one of its images will enter through the ajtpdace. There are no walls at
the boundary of the central box and no surface moleculesniiher density in the central
box and hence in the entire system is conserved. The box\sifoywhs a convenient axis
system for measuring the coordinates of thenolecules. The periodic boundary conditions
can introduce a small effect on some equilibrium thermodyingroperties or structures of
fluids. However, when the simulation box size (as well as tialver of simulated particles)
is chosen effectively large enough, the properties of aldnfaditely periodic system and the
macroscopic system which it represents can be proved toetsathe.

10
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1.6 Thesis outline

This thesis describes Brownian dynamics simulations aflrigng and thin rod-like col-
loids. We investigate the rotational diffusivities, ismiic-nematic phase transitions, periodic
orientational motions and some rheological properties,viscosities and normal stress dif-
ferences of rigid spherocylinders in shear flow by a newlyettgved Brownian dynamics
simulation program. This program is then transplantedh iétv changes, to study some
dynamical properties of sheared colloidal crystals. Thsithis organized as follows.

In Chapter 2 we present the calculated self and collective rotatioiffalsion coefficients
of rods in dilute or semi-dilute solutions by means of Brommilynamics simulation. In this
simulation algorithm, we take the excluded volume intacexst between rods into account
but neglect hydrodynamic interactions. The simulationuitesare compared with a recent
microscopic theory of rigid long thin rods by Dhont and Bsi¢24].

The Brownian dynamics simulation method describe@iapter 2proves disadvanta-
geous when applied to concentrated solutions of rods. Tdrereve developed a new event-
driven algorithm, which exhibits great success in invettiyg the dynamical properties of
dense rod systems. The isotropic-nematic phase trarsitiosolutions of rigid rods with
various aspect ratios are describedCinapter 3 The influences of shear can also be taken
into account in this new simulation method, allowing us tedstthe shear induced shift of
isotropic-nematic spinodals.

In Chapter 4 we present some preliminary results of the dynamics ofelephkitions of
rigid rods in shear flow. Various collective orientationabtionsi.e., tumbling, kayaking,
wagging, flow-aligning and log-rolling, have been “obsetveThis is the first time that the
periodic orientational motions of concentrated rigid l@jgrystalline polymers with large
aspect ratio have been simulated. Our results agree vetywtieltheoretical predictions for
rigid rods and experimental measurementfofiruses.

A detailed description of the periodic orientational masaf nematic solutions of rigid
rods is presented i€hapter 5 Solutions of rods with various aspect ratios and volume
fractions are investigated in the plane Couette shear flalv different steady rates. The
dependence of the kayaking period on the applied sheartheteshape anisotropy and the
volume fraction are deduced from the simulation resultangitions between different types
of motions are also studied by applying shear flows with diffie rates.

11
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The event-driven Brownian dynamics simulation investmais then focused on some
rheological properties of solutions of rigid rods. Gihapter 6 we report on the simulated
viscosities as well as the first and the second normal stifesethces in both isotropic and
nematic states. Besides observing a shear thinning behewigsual oscillations of the nor-
mal stress differences against shear rate are also detstieding qualitative agreements

with both theories and experiments.
At the end of the Thesis, the results are summarized in bogfigtnand Dutch.

12



Self and collective rotational

diffusion coefficients of rigid

long thin rods

Recently a microscopic theory for the dynamics of suspeyssid long thin rigid
rods was presented, confirming and expanding the well-kntveary by Doi,
Edwards and Kuzuu. Here this theory is put to the test by coimp#& against
computer simulations. A Brownian dynamics simulation pemgwas developed
to follow the dynamics of the rods, with a length over a diagnetio of 60, on
the Smoluchowski time scale. The model accounts for exdwdé&ime interac-
tions between rods, but neglects hydrodynamic interastidihe self rotational
diffusion coefficient®, (¢ ) of the rods were calculated by standard methods and
by a new, more efficient method based on calculating aveestering torques.
Collective decay of orientational order was calculated Bans of equilibrium
and nonequilibrium simulations. Our results show thatttercurrently accessi-
ble volume fractions, the decay times in both cases arealiytidentical. More-
over, the observed decay of diffusion coefficients with naedufraction is much
quicker than predicted by the theory, which is attributedri@versimplification

of dynamic correlations in the theory.

2.1 Introduction

Suspensions of rigid rod-like colloids dissolved in Newgmliquids are of great importance
both in biological and in industrial applications. Alreaitythe first half of the previous

* The work described in this chapter previously appeared@hé&m. Phys122 244903 (2005).

13



2. SELF AND COLLECTIVE ROTATIONAL DIFFUSION COEFFICIENTS

century, Onsager [113, 114] understood that very long aimdréas will display interesting
thermodynamic phase behavior at very low volume fractidrtse complete phase diagram
for varying aspect ratios and volume fractions was detezthin decade ago by Bolhuis and
Frenkel [10, 11] by means of Monte Carlo simulation. In dilsblutions, the basic equation
describing the dynamics of rigid long thin rods is well edisdtted [23, 25, 36] and the dy-
namical properties have been calculated by various auf@@r$4, 86, 142, 143]. The self
orientational diffusion of rods in semidilute or concetgsolution, however, is difficult to
understand quantitatively due to the complexity of thea#sg torque exerted by surrounding
rods. A theoretical analysis is very complicated becauggiinciple both excluded volume
interactions and hydrodynamic interactions have to batake account. Fortunately, it may
be argued [24] that the latter are negligible for very largpeat ratiod /D, whereL is the
length of the rods anb their diameter. Even then, the problem remains to be vergti@nd
results are only obtained on the basis of severe approxnsati

In this Chapter, we present the results of Brownian dynariicgilations of a system
of interacting rods without hydrodynamic interactions. ustjfication for the neglect of the
latter has been presented in Ref. 24. Besides this jusiificathe main reason to neglect
hydrodynamic interactions in this work is that we intend toyide results with which to
compare the theoretical predictions. Any possible demialietween theoretical prediction
and corresponding simulation results must then be due t@pmere of the remaining ap-

proximations in the theory.

In section 2.2 we briefly discuss these approximations rapatl above. In section 2.3
we describe our simulation model, which we prove in Apperti& to be equivalent to the
Smoluchowski equation on which the theory is based. Excluggume interactions are
modeled with a pairwise interaction potential whose termespaoportional to the overlap
volume of the corresponding pair of rods. It will be showntttids potential is accurate
enough to simulate collections of hard rods. In section 2e4present the results of our
simulations and compare them to the corresponding theafgtiediction. Finally in section

2.5 we summarize our findings.

14



2. SELF AND COLLECTIVE ROTATIONAL DIFFUSION COEFFICIENTS

2.2 Theory

For long and thin rigid rod-like colloids suspended in Nemigm liquids, the fundamental

equation of motion, in the overdamped limit, is tNeparticle Smoluchowski equation, de-
scribing the time evolution of the probability density faion (pdf) of the phase space coor-
dinates of the rods. When hydrodynamic interactions betwegsare neglected, integration
of theN-particle Smoluchowski equation for a very large aspedb tatds to (see Appendix

2.A)

%P(O,t) =D % - {%P(0,t) — BP0,0)T(O,1)} . (2.1)

Here,P(0,t) is the one-particle pdf of the orientatiédnof some rod, with being the unit
vector along the long axis of the rod at tirheThe rotational operato@ =0x a% plays
a role analogous to that of the gradient operdlpiin translational diffusion.g is defined
as kT with Boltzmann constaritg and temperatur@&, and O} is the rotational diffusion
coefficient of a single rod

kseT 3kgTIn(L/D)
7 B mnsL3

wherey is the rotational friction coefficient angi; the viscosity of the solvent. The average

D, = (2.2)

)

torque acting on the central rdﬂ&t) in Eq. (2.1) is expressed as
T(a,t) = —ﬁ/dr' %dﬂ’ PO, t)g(r — 10,0, AV (r — 1,0, ), 2.3)

wherep is the number density of rods andr —r’,(, (") is the pair-interaction potential for
two rods with orientations$l and(’ and center-center separatior- r’; because of transla-
tional invariance the pair correlation functigr —r’,0,0’;t) depends om —r’ instead ofr
andr’ separately and consequenﬁYﬂ,t) does not depend an P({/,t) is the one-particle
pdf of the surrounding rods.

A few remarks about the average torqﬁéﬁ,t) and its use in Eq. (2.1) should be made
at this point. First, we note that the most basic equation ation describing the dynamics
of our system, thé&\-particle Smoluchowski equation, is a first order diffef@néquation of
time. Therefore, it requires for its solution a precise dipsion of the initialN-particle pdf,
the initial state for short, which obviously depends on thecific experiment that we want
to describe. The ensuing-particle pdf at later times, and consequently the cornedjng
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reduced pdf’s such &&(0,t), P((,t) andg(r —r’, 0,0 ,t), will depend on this initial state as
well. Now suppose that during our experiment we only mortierone-particle pdP(Q,t).
Equation (2.1) then in principle suffices to describe ounltssIn order to solve this equation,
however, we need to specify the average toril(lé,t), which according to Eq. (2.3) and
the remarks just made depends on the initial state. In E8),(@epending on the specific
experiment under investigatioFT(G,t) may be equal t&(0,t) or not. To describe the decay
of a single rod initially aligned alongg in an isotropic environmenti?(ﬂ,t) = 1/4mwhile
P(G,t) decays fronP((,0) = 8(0 — (p) to P({i,) = 1/4m. To study the decay of rods which
are all initially aligned alongjo, P(01,t)=P((,t) at all times.

In Ref. 24 only the case witR((1,t)=P({,t) has been investigated. Moreover, for analyti-
cal purposes, Dhont and Briels [24] neglect all dynamicaledations and pug(r —r’,0,0’,t)
equal to its equilibrium valug(r —r’,0,0d"). Next, following Onsager [113, 114], for long
and thin rods they write

g(r—r',0,0") = exp{—BV(r —r',0,0")} . (2.4)
With this approximation, the torque is given by [24]

T(0,t) = —28~'DL%p% %dﬂ’ P ) |ax (| . 2.5)
In a final step, they use a Ginzburg-Landau type expansim mfﬁ’} in the above equation:

o~ vy N577T 7§""."/'\/

|GG o 1 000w ) (2.6)

Note that in this expansion a factor gf2/3 has been replaced lay/4 for cosmetic reasons
(with 3.8% deviation). Evaluation of the average torqug,t) then leads to [24]

'F(G,t):—gﬁl( ) { - fduaap@,y: aa}, 2.7)

whereg¢ is the volume fraction of rods.
We now introduce a quantity of central importance for hormegeis suspensions of long
thin rods: the orientational order tensor

t) = fda GGP(G,1) 2.8)
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which measures the orientational order. The largest eajeewf this tenso§ is a measure
of the degree of nematic order, while the correspondingneiggtor is “the director” of an
aligned state and points in the preferred direction of thentation of the rods.

Multiplying both sides of Eq. (2.1) b§iGi, applying Eq. (2.7) for the torque and integrating
with respect tdl, we obtain the equation of motion of the orientational omameter tensor
Sas

d
dt

_ L Lisw.g g
S= 6D,{s 3l T oS is-s9 (2.9)

ensemble averaging. In order to make further progress wexgippate [24]
@ .a_ 1 .
SW:.S= g{28~S+3SS. S}. (2.10)

Equation (2.9) is called the DEK equation after Doi, Edwaadd Kuzuu [36, 78]. Note
that in order to arrive at the DEK equatid®((/’,t) in Eq. (2.7) has been put equal to the pdf
P(,t) of the central rod. This means that the DEK equation appiiéiset dynamics oS of a
rod floating among other rods, all having the same initialgsdthe central rod. Consequently,
the DEK equation applies to the order tensor of one rod mogdtduring a collective decay
of some collective perturbation. We therefore apply a spefturbationdS(t) to our system
and writeS(t) as

S(t) = So+90S(t) , (2.11)
whereS is the stationary solution of the equation of motion in Eg9)2Linearizing Eq. (2.9)

with respect tadS(t), we obtain

%53: —6D°!(¢)5S. (2.12)

The collective rotational diffusion coefficient®(¢) is given by
1L
D$°"<¢>=Dr{1—5D¢}. (2.13)

As has been stressed abové®D¢ ) is a collective diffusion coefficient, which describes the
decay of a very small perturbation of an initially isotrogtate. The spinodal concentration
can be found at the point wheré®(¢) is equal to zero.
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2.3 Simulation method

2.3.1 Dynamics

In this section we will briefly sketch a motivation for the edjons of motion on the diffusive
time scale used in this Chapter, starting from the more foreddal Langevin equation on
the Fokker-Planck time scale. In Appendix 2.B, we will prdiat the resulting equations,
Egs. (2.27), (2.28), (2.30) and (2.31), indeed give rise poadability distribution function
evolving according to the Smoluchowski equation Eqg. (2.A1)

Brownian dynamics is basically the solution of a set of Larigequations on the Smolu-
chowski time scale. For very long and thin rods [88], thetiotel motion around the cylin-
drical axis does not couple to the remaining degrees of tn@eand may be neglected. As-
suming that for large aspect ratibgD and low volume fractionk¢ /D the flow field around
the rods is equal to the externally applied field, the Langeguations of motion for transla-

tion and rotation can be written as

dp

g = = V+FrtFs (2.14)
dr

Vo= & (2.15)

dJ

i —%Q+Tr+Ts (2.16)
. dd

Q = ox . (2.17)

Herep andJ denote the momentum and angular momentum of somevraddQ the linear
and angular velocity, and andT denote the force and torque respectively. The subsdripts
andSrefer to random (caused by thermal collisions with solveoteoules) and systematic
(due to the interactions between rods). In Eq. (2.14), taesiational friction tensoE is
orientation dependent:

=y00+y, (i —00), (2.18)

wherey; andy, are the translational friction coefficients for motions aikal and perpen-
dicular to the axis of the rod, respectively, while in Eq.1@), i denotes the orientational
friction coefficient [22, 36]. From hydrodynamics, the falling expressions can be derived

18



2. SELF AND COLLECTIVE ROTATIONAL DIFFUSION COEFFICIENTS

for long thin rods:

nsL3

T (W)) (2.19)
_ 2mnsL

(W) (2.20)

yo = 2y. (2.21)

In Egs. (2.19) and (2.20)s denotes the viscosity of the solvent. Finally, the randomédo
and torque are related to the corresponding friction tenbgrfluctuation-dissipation theo-

rems,
(Fr(t)FR(0)) = 2ksTZ=3(t), (2.22)
(TROTR(0)) = 2kgTy (i —00)3(t), (2.23)

whered(t) is the Dirac delta function.

In the highly damped systems that we will study, momentatlose memory and relax to
thermal equilibrium well within a time intervat, which is still too short for the configuration
to change appreciably. We therefore average Eq. (2.14)towerAt while keeping= fixed
at its value at the beginning of the interval. Doing so, wévarat

0=-=-(v\)+ (Fr) +Fs, (2.24)

which is the equation of motion on the Smoluchowsld, diffusive, time scale. The left-
hand side is equal to zero because the average accelemtienyi small compared to the
individual terms on the right-hand sidg) is the average velocity, which is equald¢) /dt.
Being a sum of Gaussian variables, the average random {Bggds itself a Gaussian vari-
able, with auto correlation function
3o
At

for integert and withd the Kronecker delta. On the Smoluchowski time sailg/At acts

((Fr(TA))(FRr(0))) = 2kgT= (2.25)

as a Dirac delta function.

Since from now on we are only interested in the dynamics atStimeluchowski time
scale, we omit the bracket indicating the time average, anglg write r, v andFg instead
of (r), (v) and(FRr). Equation (2.24) then reads

dr

at ==t (FR+Fs) . (2.26)
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Assuming that the friction tens@ and the systematic ford&s are constant over the integra-

tion time stepdt, we integrate Eq. (2.26), obtaining
r(t+ot) =r(t)+=1(t) - Fs(t)dt + or(t), (2.27)

(8r(t)dr(t)) = 2kgT= ()4t . (2.28)

The random displacemedt (t), which is contributed by the random force, is defined as

ot - - ot
or(t)= [ dr= N t+1)- Frlt+ 1)~ 2 (t)~/0 dTFR(t+1). (2.29)

Since="1

= “*100 +y; (i — 00) depends on the fluctuating variailethe first integral in
Eqg. (2.29) is ambiguous and a choice has to be made to itpietation. Since reorienta-
tions are generally much slower than displacements we Hayge to puEfl(t + 1) equal
to = 1(t), which in the mathematical literature is known as tieifterpretation. Given this
interpretation, the moments in Eq. (2.28) follow from thécacorrelations in Eq. (2.25). In
the simulation program, the random displacem@énts$) are calculated as follows: a random
displacement with standard deviaticgﬁZkﬂcSt/w is applied along the cylindrical axis di-
rectiond, and two random displacements, each with standard dewigti2keT ot /y,, are
applied in two mutually perpendicular directions, bothgeardicular tal.

A similar treatment of the reorientations in the stronglyngeed limit leads to

0(t+ot) = a(t)+5TS(t) x Q(t)t + 30(t) (2.30)
(30(t)30(t)) = 2kBT$(IA—00)6t : (2.31)

Again we have used thedlinterpretation to calculate the moments in Eq. (2.31). rEimelom
reorientation®0(t) are treated in the same way@&s(t) above: two Gaussian reorientations,
with standard deviatiog/2ksT 3t/ y, are applied in two mutually orthogonal directions, both
perpendicular td. Since this procedure will slightly change the lengthi), the latter is
normalized to unity after the integration step has beeniegpl

Equations (2.27), (2.28), (2.30) and (2.31) constitutestipgations of motion used in this
Chapter. In Appendix 2.B we prove that they indeed give iaséa¢é Smoluchowski equation
Eq. (2.A1). This proof should be considered to be the degisiotivation for choosing the
above equations of motion.
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The simulation system in the present work was based on trexiexpntal data ofd virus
[88]. All simulations were run using a timestép of 0.05us. The simulation box was cubic,
and containedN = 100Q¢ /D rods of diameteD = 14.8 nm and length. = 0.888uum, hence
L/D = 60. Water was used as the solvent, with viscogily= 10~ Pas. The temperature
was 300 K.

2.3.2 Potential

In this section, the implementation of the excluded volumteractions between rods will
briefly be discussed. Excluded volume interactions arerde=stby means of the potential

q):k;VOV(ri,l’j,Gi,ﬂj), (2.32)
i)

where the sum runs over all pairs of rods. The “hardnkss'the potential is independent of
the positiorr and orientatiori of the rod. In our simulations, the value of this paramétisr
chosen such that the pair potential equals the thermal gkgigwhen the distance between
two perpendicular rods equals 0.8 times their diameter. cMeglap volume between rods
andj, Vou(ri,r;,0i,0j), is calculated from

Vou(ri,rj,0i,05) = Vou(d(ri,rj,0i,0;),6(0,0;)) , (2.33)

j
4 5% \/ D d \/ D d

- = “Zy_ 2 2, /[(Zy2_ (2 _p2

Vouldo8) = g [, ARy (52 G PP ()R- (- P (239
whered is the shortest distance between the two rads,d is the projection of the center to
center separation onto the directionlptx 4;,

d(ri,rj,0i,05) = ; (2.35)

and@ is the angle between the long axes of the two rods. Detailbedound in Ref. 140.

Equation (2.33) is valid only for infinitely long rods. Fomlg thin rods of finite length,
the overlap volume must be calculated in a different way sesavhen two rods are almost
parallel, or, to be more precise, when 8ir: D/L. In this work we have set the overlap
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volume in these cases equal to

Vov(riyrjyai,aj) = Aolov
= 2 (1D2 arccosﬁ _d v/D2— d2)
4 D 4
1 . "
X (L—2(\(ri—r,-)-ui\+|(ri—rj)-uj\)> . (2.36)

Here,Aoy andLyy, denote the overlap area and the overlap length, respactivel

0.0 T T T T
— L/ID$ =0.09
0.03 -~ L/ID$ = 0.44
0.04- - L/D$ = 0.88 i
L/Dp =1.76
0°0.03- 4
0.02+ g
0.01- B
O L L
0 0.2 0.4 0.6 0.8 1
d/D

Figure 2.1: The probability distributions §x) of the dimensionless closest distance x, de-
fined as ¢ D, between two interacting rods at various volume fractiofisere is no overlap
between rods when the dimensionless closest distance mbedarger than one.

A consequence of using a continuous potential to describectbulsive or excluded vol-
ume interaction between two rods is that the rods can paviylap. The parametdD is
no longer a legitimate measure of the rod’s diameter. Weethex propose to use the aver-
age shortest distance, calculated according to Eq. (088yo interactingj.e., overlapping,
rods as an effective diametefH The measured probability densitiBg(x) of shortest di-
mensionless distancasdefined asl/D, between interacting rod pairs are plotted in Fig. 2.1
for various volume fractiont ¢ /D. The effective diameter of the rods can be calculated

according to

1
Deff — DM — 088D, (2.37)
Jo dxRi(X)

and is independent of the density, which illustrate the hesd of the potential. The small
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root-mean-square deviation
o=/ —(x?~01 (2.38)

confirms the impenetrability of the rods. By introducing tféective diameter, the rods
become “thinner”, which changes the aspect raid®" from 60 to 68. Henceforth we will
useD as shorthand for &, except of course in the calculation\df,. The volume fraction
of the rod material will be calculated as if all rods have adigéameter equal to .

Given the potentialp, the forces and torques that are needed to propagate tieensgst

calculated according to

Fi == —D|¢): _k%vov(riar]-aaivﬁj) ) (239)
1
Tie—R® = x 2= ki x -2V, (ri,ri, G, 0;) (2.40)
i = ¥ = i dl]i = i dl]i ovili, T j,Ui,Uj) . .

Occasionally two rods may come very close to each other, lynaga result of the random
parts in the equations of motion; the forces and torquesrhe@xtremely large in these cases.
In order to keep the maximum displacements and reorientaper timestep within reason-
able limits, one tenth of a diameter an® 2L0L radians, respectively, we have restricted
forces and torques to be smaller than

Frax — % x % 7 (2.41)
mex % x ZL%‘t’“ , (2.42)

respectively. The probability densities in Fig. 2.1 usedatzulate B were sampled from
runs based on the forces and torques just described.

2.4 Result

We first performed Brownian dynamics simulations on long #nd non-interacting rods,

i.e.,, without considering excluded volume interactions betwés rods. By calculating the
mean square displacement [1] of the centers of mass of tisewadconfirmed that the trans-
lational diffusion coefficient obeys
_ Dy+2D,

T (2.43)

t
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with D= kBT/yH and D, = ksT/y,. We measured the rotational diffusion coefficient by

calculating
(Pa(0(t)-0(0))) = exp(—n(n+1)Dyt) , (2.44)
whereP,(x) is the Legendre polynomial ofth order,

1 dn
S W(x2 —-1", (2.45)

Ph(X) =

and found that it agreed well with its input value (see Eq)(@nd (2.19)).

2.4.1 Measurements of the rotational diffusion coefficient Dr ()
e Method |
0.8~ + Method Il A
v Method IlI
Cos N\ E
= N\
o-0.4- N ]
0.2F ‘ 4
% 05 I 15 2
L/D¢

Figure 2.2: Self rotational diffusion coefficient3,(¢), calculated by three different kinds
of simulations, at various volume fractions of rods. Thevegrare normalized bB,, the
rotational diffusion coefficient of a single non-interagirod. Method | is based on the
Debye theory, Eq. (2.44), method Il on the drag torque on eefably rotated rod, Eq. (2.46),
and method Il on the restoring torque, Eq. (2.52).

In semidilute and concentrated solutions the rotationalioncof a typical rod is very
much restricted by the rods in its direct neighborhood. Thike more true, the higher the
concentration is, and as a consequence the self rotatidfusidn coefficient depends on the
volume fractiong. It may still be calculated according to Eq. (2.44), but withreplaced
by D:(¢). The results of these calculations are presented in Figt@2ther with those of
two alternative methods. The second method consists ofiagph constant external torque
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Tex On @ chosen rod and measuring the resulting average angltaity (Q). A small extra
potential was applied to restrict the motion of the rod toanpl perpendicular tdex. The
rotational diffusion coefficient H¢) is then obtained from the measured rotational friction
coefficient according to the Einstein equation:

ex=vr<¢><n>:Dr"i;)

As can be seen from Fig. 2.2, the results of the two methods g@od agreement with each

(Q) (2.46)

other, and depend strongly on the volume fractjon

In order to obtain reasonable estimates of the rotatiorfélsibn coefficients for the
higher volume fractions, the correlation functig® (G(t)-G(0))) = (G(t) - 0(0)) had to be
calculated for correlation times up to= 0.5 s. In this subsection we present a method to
obtain the same information in a much shorter time. Firdte the time derivative of the
correlation function(Qi(t) - 0(0)):

d
dad-a a,t 247
5 (@0)-0(0) = $d00-0(0) SR, (2.47)
whereP((,t) is the probability distribution function of a rod with irgti distributionP({,0) =

t
(0 —0(0)). Introducing Eq. (2.1) for the time derivative of the pdf watain

(@a@)-a()) = Drjfdaa.a(o@.ép(a,t)

o

- BDr]{d G0-0(0)% - P(0,)T(0,) . (2.48)

Performing two integrations by parts in the first term andiortbe second term according to
[36]

}[daA(a)@B(a) - —y{da [ZA(0)]B(0) (2.49)
we obtain
%(U(t) -0(0)) = —2D; (G(t) - 0(0)) + BD, Tr (G,1) (G(t) - (0)) - (2.50)

The second term, with

((ac)

=
=
_| |
—
o
\;—P
N
NS

0(0)) -

R X
e RO .

(2.51)
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represents the contribution of the restoring torque esdiyethe surrounding rods to the time

evolution of (G(t) - G(0)).
For long timeT, (0,t) becomes constant arfd(t) - G(0)) diffusive. Inserting Eq. (2.44),
with n=1, into the left hand side of Eq. (2.50) and performing theetoherivative, we obtain

Di(#) = Jim Dy(¢.t) = Jim D {1~ BT (0.0)}. (2.52)

Repeating the same procedure, starting at Eq. (2.47), vgtiehvalues of yields

B (Pa(t)-G(0)[(@(t) x (0))- T(a,1)]) } (2.53)

—00

Dr(¢) = Jim Dy {1‘ n(n+1) (Pa(0(t)-0(0)))

whereP,(x) is the derivative of,(x).

BT,

DDDDD

Figure 2.3: The “restoring torques” T shown as functions of time, see Eq. (2.51). From
bottom to top, the lines correspond t¢ fD = 0.09, 0.22, 0.44, 0.88and1.76. In each case,
a plateau value is reached in a short time.

The results of our calculations @T,(0,t) are plotted in Fig. 2.3. The total time of
these simulations is around10- 0.2 s, which is considerably shorter than the traditional
methods. The corresponding rotational diffusion coeffitdeare plotted in Fig. 2.2, referred
to as method lll. Itis seen that all these methods give theesasults within statistical errors.

Figure 2.3 reveals clearly that for all volume fractigig (0,t) becomes constant within
about 0005 s. As a result, only rather short simulations are neauledltulate the rotational
diffusion coefficients. Contrary to this, for the higher wwle fractionga(t) - G(0)) becomes
diffusive only after 005 s. In order to understand why this correlation takes mookér
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to become diffusive than the time needed for the restoringui to become constant, we

formally solve Eg. (2.50), obtaining

(@(t)-0(0)) = exp{—Zt Ll'/otdm,@,r)} } . (2.54)

AlthoughT, (0,t), and therefore B¢ ,t), becomes constant very quickly, it takes some extra
time before the corresponding transient effect% féerr(cp, 7) have converged. In Fig. 2.4
the results of((t) - 0(0)) calculated according to Eq. (2.54) are plotted, togethér thiose
obtained directly from the simulations. Both agree welhitstatistical errors.

o L/D$ =0.09 “a
| o LID =0.22 Soay
o LID$ =0.44
| & L/ID$=0.88
< LID$ =176

O A 1 1 1
0 0.005 0.01 0.015 0.02
t

D
B.g
o

Figure 2.4:The autocorrelation oil in isotropic systems at various volume fractions, calcu-
lated directly (symbols) and from the restoring torquedbih, see Eq. (2.54).

2.4.2 Collective orientational decay

In this subsection we will study the collective orientabidecay of initially aligned, but
translationally disordered, rod-like colloids. Since we anly interested in exponential de-
cay close to the equilibrium state, see Eq. (2.12), all riatstb be extended up to the point
where the order tensor elements started to fluctuate. Thectoe rotational diffusion co-
efficient defined in Eq. (2.12) was calculated for variousuawéd fractions and is plotted in
Fig. 2.5, referred to as method A. Obviously, this is not g\edficient method to obtain the
guantities aimed for. For this reason, and also to have apindent check of the results,
we have resorted to Onsager’s regression hypothesis [1 &) ©Bite

(3S(1)3S(0)) = (5S(0)5S(0)) exp{—6D! (p)t} , (2.55)
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T T T
,“%
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Figure 2.5:The collective rotational diffusion coefficieb§®"(¢) at various volume fractions.
In method A, an initially fully aligned system is decayingtte isotropic state, while method
B uses Onsager’s regression hypothesis to analyze equitibituctuations. The dashed and
dotted lines are fits to these methods. The value of the paitpatameter k for the “harder”
and “softer” simulations (both using method A) are twice amalf the standard value, re-
spectively. The straight line is the prediction by the tlyemfrDhont and Briels, an®; is the
rotational diffusion coefficient of a single non-interaugirod.

where the brackets indicate averages in the equilibriute stéhe results of these calcula-
tions are also plotted in Fig. 2.5, referred to as method B rBisults of both methods agree
very well with each other but deviate considerably from theotretical prediction of Dhont

and Briels given in Eq. (2.13). Moreover, they are almostabdqo the corresponding self
rotational diffusion coefficients ¢ ) discussed in section 2.4.1.

In order to test if our potentiab = Vg given in Eq. (2.32) is sufficiently hard, we have
performed additional simulations with somewhat diffengoientials. The results of runs with
double and half the original hardness paramletae included in Fig. 2.5, denoted as “harder”
and “softer”, respectively. It turns out that the harderepbial yields the same results as our
original potential, indicating that the latter is most pably hard enough to represent hard
colloids.

As already mentioned above, the simulation results of tileatove rotational diffusion
coefficients differ markedly from the theoretical predicts of Dhont and Briels based on
DEK theory. As was shown by these authors, several apprdixinsare used to arrive at the
DEK equations. First, the time dependenceg@f—r’, 0,0’ ,t) is neglected by putting it equal
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Figure 2.6:Validation of the approximation made in the doubly conteaicform ofS® : S,
see Eq. (2.10). For the xx (a) and yy (b) component of thisraotibn, the approximate
right-hand side is plotted against the exact left-hand siflee analyzed configurations are
extracted from nonequilibrium simulations, decaying frautty aligned to isotropic, with
arrows indicating the evolution in time. The approximasare seen to hold very well for

the isotropic system.

to its equilibrium value, which to a very good approximatisigiven by the Onsager formula
Eq. (2.4). Next,|0x 0’| occurring in the torque is approximated by a Landau-Gingbur
expansion. Finally, contractions of the fourth order ter&8 are calculated by means of
closure relations like the one in Eq. (2.10). Let us startadiscussion with the last of these
possible shortcomings of the theory. In order to check thedityuof Eqg. (2.10), we have
calculated both sides directly from the simulations dufmg typical runs and plotted them
in Fig. 2.6. It is seen that the closure approximation penfovery well for all values of
the order parameter. Next we turn our attention to the Lar@imzburg expansion. From
Eqg. (2.5),i.e, right after the neglect of dynamic correlations, it is ans that the average
torque and, therefore, the equation of motion of the ordesdeS are linear inL¢ /D, al-
though they may be highly nonlinear 8 Since, in order to calculate the decayd® close

to equilibrium, we linearize the equation of motion®ih any case, we obtain a linear depen-
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dence of °'(¢) onL¢ /D irrespective of how exactly the average torque is approbétha
This leaves us with the neglect of dynamic correlations astily possible cause of the dif-
ference between theory and simulations. Notice that batiartheory and in the simulations
hydrodynamic interactions were neglected, and that thesefore cannot be the cause of the
large deviations between theory and simulations.

Finally, let us return to the fact that the collective radatl diffusion coefficients are
virtually equal to the self rotational diffusion coefficisn Obviously this tells us that the
average decay of different rods is hardly correlated, iflata Appendix 2.C we prove that
under this condition,

(6Si (1)3Si (0)) = (3Si(0)3Si (0)) (Po(T(t) - U(0)) - (2.56)

Together with(P,(G(t) - G(0)) = exp{—6D;(¢)t}, this proves that under these assumptions
D<r:0”(¢) = Dr(¢)-

2.5 Conclusion

A Brownian dynamics simulation program has been writtemtestigate the diffusion prop-
erties of rigid long thin rod-like colloids. This program lsed on the solution of the
Langevin equations of motion on the Smoluchowski time schlard core interactions are
taken into account by means of a pairwise additive potentigh each pair contributing
proportional to the overlap of the corresponding rods. ldgginamic interactions between
different rods are neglected. Self and collective rotatiatiffusion coefficients were cal-
culated from isotropic equilibrium simulations as well asnfi nonequilibrium simulations
of initially fully aligned systems. The results of the pras€hapter can be summarized as

follows:

1. A new method for calculating the self rotational diffusicoefficient D(¢) is pro-
posed, by exploiting the restoring torque on a rod by its@urding rods. The simula-
tion results based on this much quicker technique agreewelhywith those calculated
from two traditional time-consuming approaches, at varieolume fractions.¢ /D.

2. The measured collective rotational diffusion coeffitseBf°" (¢ ) show large deviations
from the theoretical prediction of Dhont and Briels, forbbequilibrium and nonequi-
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librium Brownian dynamics simulations. This is attributedhe neglect of dynamical

correlations in the theory.

3. The simulations indicate that the self rotational diffmscoefficients [(¢) and the
collective rotational diffusion coefficientst® (¢) are virtually identical for the sys-
tems studied here. A theoretical investigation corrolesrdhis observation and the

conditions for which it is expected to hold true.

The insights gained from the simulations in the importanfcéa® dynamical correlation
between rods are a valuable asset to guide future improwsrogétine theory on the dynamics
of long thin rigid rods. Further algorithmic improvemente aeeded to extend the current
simulations to higher volume fractions, in order to study ttynamics of liquid crystal-like
phase transitions, which are computationally too demanfitinthe current program.

Appendix 2.A: Derivation of Eqg. (2.1) from the

N-particle Smoluchowski equation

The N-particle Smoluchowski equation is the equation of motionthe probability density
function P of the positions{ry,---,rn} and orientationgQs,---, 0y} of the N rigid rods in
the system under consideration. This equation reads [2Z,20

op N A A A A
¥ = Zl{%DtDj . (| +UjUj)-[|:|jP+ﬁP[|jq3]+ D Zj - [%J‘P-I-BP%J‘(D]} , (2.A1)
J:

where O and O are the translational and rotational diffusion coefficseaf a free, non-
interacting rod, andp is the total interaction energy of the assemblyNofods. The gen-
eral form for the diffusion tensor of uniaxial rods kgT="1 = DH?‘FAD(GG —1), where
AD =D —D,, with D| andD the inverse friction coefficients for motion parallel and-pe
pendicular to the long axis, respectively. For very long #nd rods,D; = 2D, in which
case the above general expression reduc@t(ﬂ—l—ﬁﬁ], with D; = %(DH +2D,). This
expression for the translational diffusion tensor has besed in the first term in (2.A1).
Hydrodynamic interactions between the rods are negleatéteiabove equation.
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Analytical progress can be made by assuming a pair-wisdiaeltibtal potential, that is,

q)(rla"' 7rN7Gl>"' 70N) = Zv(ri _rjaai70j)ﬂ (2A2)

i<)
with V the pair-interaction potential. This is exact for the rodthvhard-core interactions
considered here. According to the integral theorems of &and Stokes, we have, respec-
tively,

/dr,-m,--(..-)zo and ;é'daj@j-(--.)zo. (2.A3)
Using these relations, and noting that
PO = [dry- [drn fdla fdinP(ra - rn,0a, 02 Ot),  (2.A4)

the integration of both sides of the Smoluchowski equatidth wespect tory,---,ry and
Gp,---,0n leads to Egs. (2.1) and (2.3) (with= (¢, 0’ = Gy, r =ry andr’ =r,), where the

pair-correlation functiory is defined as
P(r.r,0,0t) = /dr3~--/drN %dﬂg--~7{d0NP(r,r’,r3,--- P00, O, Oyt
/| . .

P(0, )P, )g(r —r', 0,0 1), (2.A5)

V2
with P(r,r’,G,0’,t) the pdf for the positions and orientations of two rods ¥ntthe volume.

The two one-particle pdf's have been assumed to possibigrdiThis point is further dis-
cussed in section 2.2.

Appendix 2.B: Equivalence of Brownian dynamics

equations of motion and the Smoluchowski equation

In this appendix we will briefly sketch the proof of the equérece of the equations of motion
used in this Chapter, Egs. (2.27), (2.28), (2.30) and (2814 the Smoluchowski equation
Eqg. (2.A1). Although the general approach in this Appendifairly standard [13, 51, 136],
some of the technical details are a bit intricate. We willselly follow Appendix IV.C in
Ref. 13.

From the equations of motion it is obvious that our system &Rkdvian. Therefore the
pdf P = P(z,zp;t) with z= {z,--- ,zy} andz = {r,(;} satisfies the Chapman-Kolmogorov
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equation
P(Z,z;t+ 0t) = /dzP(z’,z; Ot)P(z,zp;t) . (2.B1)

We explicitly mention the initial valuegy of z to clarify the meaning of the Chapman-
Kolmogorov equation. Since we are interested in the limdtof> 0, in which casé®(Z, z ot)
approaches a Dirac delta distribution, and we prefer notakara Taylor-expansion of the
latter, we multiply the Chapman-Kolmogorov equationmi' ) and integrate, obtaining

/dzP(z,zo;t+5t)F(z) - /dz Udz P(Z,z8)F(Z)| Pz zt) . (2.B2)

In the integral between the square brackets on the righd-bigle we may now safely expand
F(Z) aroundZ = z, writing

F(Z)= F(Z)-i—(Z'—Z)-DZF(Z)—F%(Z'—Z)(Z'—Z) (0,0F(2) +--- (2.B3)

It will turn out that all terms of order higher than two do naintribute to the final result.

Performing the integral we find
/dz’ P(z,Z;ot)F(Z) = F(2) + (Az ot) - OF (2) + %(AZAZ; ot) : 0,0,F (2) (2.B4)
with moments defined by

(0z,3t) = /dz’ (Z-2P(Z,zdt), (2.B5)

(D207 St :/dz'(z’—z)(z’—z)P(z’,z; 5t) . (2.B6)

Although the second order moments contributéNa<®N matrix, only those elements which
are of first order indt contribute to the final result. Since elements correspantbnwo
different particles are of ordgdt)2, we may restrict our attention to just one particle and
write in more detail

1
5§

(0z;ot)-UF(2) + 5 AzAzZ; 8t) - O,0,F (2)

= (Or;8t)-OF (2) + (AG; 8ty - (T — 00) - OgF (2)
(ArAr; ot) : O0OF(2)

(A0AG; 8t) - (T —00) - Og (T — 00) - OgF (2) (2.B7)

NI NI
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where[ is the gradient with respect toand [y, the derivative with respect t. In the 1©
interpretation of the stochastic integrals Egs. (2.28)(@n8fl), mixed second order moments
of translational and rotational displacements are untaige and therefore of second order

in ot. The remaining moments are

(Ar;8t) = —=71(t)-Oo(t)dt,
(3 5t) = %O(t)xé”cb(t)ét,
(DrAr;3t) = 2kgT=71(t)dt,
(DOAD; 3t) = Z@T%(A—G(t)ﬂ(t))ét. (2.B8)

where we have used Egs. (2.27), (2.28), (2.30), (2.31)9]28d (2.40). Introducing these
moments into Eq. (2.B7), using —00) - Og = —0x 2, (( x (#P)) - (0 x Z) = (Z#P)-Z
and(i —00) 1 (Ux 2) (O x Z) = (A x %) - (0 x R) = R - X, we obtain:
(Azot)-OF (20 + %<AZAZ; ot) : O0,0,F (2)

= —(Z71.00).-0F (25t — y Y(ZD) - %#F (2) 5t

+ keT=1:00F(2)t +keTy % - %F (2)5t . (2.B9)
We finally combine Egs. (2.B2), (2.B4) and (2.B9) and perf@ome partial integrations
according to [24]

[dram-oF@ = - [dr @-ANF@,

fdaA(a)-@F(z) _ —.%‘dO(Q-A(G))F(z), (2.810)
obtaining in the limit ofét — 0O:

[a25PeaatF@ = [d2{0-= 0@z +y - (GOPE )

+ keTOO:Z7'P(z200t) + ke Ty 1% - %P(2.20:1) }F (2) -
(2.B11)
SinceF (z) is completely generald /ot P(z,zp;t) must be equal to the sum between curly
brackets on the right-hand side. Summing over all partictethe right hand side and using

00:="'P=0-="1. 0P, we obtain the Smoluchowski equation Eq. (2.A1). The readléer
have no difficulties to justify the unproven claims made ia tiourse of the derivation.
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Appendix 2.C: Derivation of Eq. (2.56) with approxima-

tions of time correlation function

For a homogeneous isotropic equilibrium system the timestation functions of the spon-
taneous fluctuations of the orientational order parametesdr(dS(t) S(0)) are given by

(0S(t)Sy(0)) = 2 z z < (Uyn Uyn(t) ;) (Uym(O)Uym(O) - ;>> , (2.C1)

where we have chosen tlgg component for convenience. Rewriting Eq. (2.C1) leads to
(630895(0) = ~5 + .3 (Wn(itn()un(O)4n(0)
+ % Z;m<uyn(t)uyn(t)uym(O)uym(O)> : (2.c2)
Assuming that correlations of(t) for different rods can be neglectdd,,
z; Uyn(t) Uyn(t) Uym(0) Uym(O Z; Uyn(t)Uyn(t) ) (Uym(0)Uym(0)) , (2.C3)
the right-hand side of Eq. (2.C2) results in

% + % z z (Uyn(t)Uyn(t)) (Uym(0)uym(0))

+ % > {{Uyn(t)uyn(t)uyn(0)Uyn(0) ) — (Uyn(t)uyn(t)) (Uyn(0)uyn(0)) } (2.C4)

Thus,

<6S>’)’( )0S,(0) = N2 z {< Uyn(t)Uyn( ))2> - ;} . (2.C5)

In the isotropic state, the time correlation functions¥grandz components are identical,
3 {(Wn(tin(0)?) = 3z{< Uen(£)uxn(0))° ) + ( (Uyn(H)uyn(0))° ) + { (Uzn(t)uzn(0))%) |
(2.C6)

Assuming that the off-diagonal correlations of the onetiplar orientational order parameter
tensor decay extremely fase., (S;(t)S;j;(0)) ~ 0, we obtain

3 {Un®wn(0)2) ~ 2 3 { Uen(t)a(0) + n(®)n(0) + Ut 0)) - (2.C7)
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Finally, Eq. (2.C1) results in

21

(895(11355(0)) ~ g1z 3 { 5 (@n0)-0a(0)- 3 2.co)

Apart from a constant factor, this is nothing & (G(t) - G(0))).
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|sotropic-nematic spinodals of

rigid long thin rod-like colloids

by event-driven Brownian

dynamics simulations

The isotropic-nematic spinodals of solutions of rigid suieglindrical colloids
with various shape anisotropiegD in a wide range from 10 to 60 are investi-
gated by means of Brownian dynamics simulations. To makeetBénulations
feasible, we developed a new event-driven algorithm thiegstahe excluded
volume interactions between particles into account asumaheous collisions,
but neglects the hydrodynamic interactions. This algorith applied to dense
systems of highly elongated rods, and proves to be effici@iie calculated
isotropic-nematic spinodals lie between the previoustaldished binodals in
the phase diagram and extrapolate for infinitely long rod®©tsager’s theo-
retical predictions. Moreover, we investigate the sheduded shifts of the
spinodals, qualitatively confirming the theoretical pogidin of the critical shear
rate at which the two spinodals merge and the isotropic-tiefphase transition

ceases to exist.

3.1 Introduction

Solutions of long and thin rigid rods interacting by exclddelume interactions, such as
elongated colloidal particles arid viruses [88, 90, 92], exhibit lyotropic liquid crystalline
phase behavior. At low concentrations the rods form a desedlisotropic phase, while at
higher concentrations the interactions cause the rodsgn along a director in a nematic

* The work described in this chapter previously appeared@hé&m. Phys124, 134906 (2006).
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phase. This phase still lacks translational order, whidhagipear at even higher concen-
trations. Upon increasing the rod number density, an ipatreolution will become ther-
modynamically unstable if the concentration crosses tbdpic-nematic spinodal (INS).
Conversely, a nematic phase disorders into an isotroptie gtthe concentration is reduced
below the nematic-isotropic spinodal (NIS). Outside thegimodals lie two binodald,e.,
the concentrations at which the coexisting isotropic anchaiee phases of a phase sepa-
rated system are in thermal equilibrium. In the 1940s, OmisHd 4] derived expressions for
the spinodals and binodals of solutions of hard rods witmit€iaspect ratios. The phase
diagram of lyotropic rod-like systems has since been inyattd extensively using theory
[27, 50, 71, 85, 87, 123, 124, 125, 126, 127, 137, 138], erpants [30, 32], and more re-
cently by computer simulations [10, 11, 52]. For a review,refer the reader to Vroege and
Lekkerkerker [139].

Our objective is to establish the spinodals of a solutionastilspherocylinders as a func-
tion of the aspect ratio of the rods. To this effect, we emmognputer simulations to study
the stability and dynamics of homogeneous ordered andd#ised solutions in the vicinity of
the spinodal concentrations. The dynamics of solvatedisdgisst simulated using Brownian
dynamics (BD). At the high aspect ratios we are interestethenhydrodynamic interactions
between rods are less important [24] than the excluded wiateractions, which are readily
incorporated by means of a potential based on the overlap Smace incorporating hydrody-
namic interactions leads to complicated and slow progréamsgoes not affect the location
of the spinodals, we here prefer a simpler and more appragiagaproach, leaving for fu-
ture work the assessment of the importance of hydrodynamtécactions on the dynamics.
Although recent studies [19, 133] of the self and collecta@tional dynamics of rods show
that this method works well for dilute systems, it unfortteha turns out that the interaction
potentials cause unsurmountable difficulties when perifagrprolonged simulations of the
dense and highly elongated rods needed for a stable nentaise pWe therefore introduce
here an event-driven Brownian dynamics algorithm, conmigjrthe dynamics equations of
traditional fixed time step BD with the collision-based tigstep commonly used in simu-
lations of hard bodies. The resulting algorithm proves iefficat simulating concentrated
solutions of rods, and displays a stable nematic phase doigated rods. The notoriously
slow process of spontaneous ordering of an isotropic syatsove the INS takes between a
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week and a month on a desktop personal computer for the @enaitd high aspect ratios
employed here.

Having direct access to the dynamics of the rods also all@ts investigate the effect of
shear flow on the phase diagram. Under shear the rods haveengity to align along the
flow direction, both in the isotropic and in the nematic phdbkas decreasing the spinodal
concentrations [23, 24, 25, 26, 111, 112, 119, 122]. At deffity high shear rates the
spinodals are predicted to terminate at a coalescence, gtiminating the phase transition
between ordered and disordered states.

This Chapter is organized as follows: The event-driven Briaw dynamics algorithm
is described in detail in the next section, followed by adaiion against a traditional BD
program at the dilute and semidilute concentrations adaegs the latter. In section 3.3.1 we
investigate the density dependence of the self and coleenitational diffusion coefficients.
The spinodals as functions of the aspect ratio are presémtgzttion 3.3.2, and in section
3.3.3, we briefly discuss the shear-induced shift of theafafs. Finally, we summarize our

conclusions in section 3.4.

3.2 Simulation method

3.2.1 Event-driven algorithm

In this section we briefly describe the algorithm employedwent-driven Brownian dy-
namics simulations. The Brownian particles, in this cagalriong and thin colloids, are
suspended in a Newtonian liquid with a stationary simpleskelocity fieldV

V(r)y=r-r, (3.1)
with
010
Fr=yf andf=| 0 0 0 (3.2)
000

Herer is a positiony is the shear rate arfdis the transposed velocity gradient tensor. This
velocity field corresponds to a flow in thxedirection, with a gradient in thg-direction.
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The forces and torques acting on the Brownian particles Haee origins: potential,
friction and random. The first is due to the excluded volunterarctions between solute par-
ticles; the second is caused by the velocity and angulacitglof the particle relative to the
flow field; the last one is due to thermal collisions betweenigas and solvent molecules.
For a very long and thin rod, due to its symmetry, the rotaianotion around the cylindrical
axis does not couple to the remaining degrees of freedom aydoe neglected. Generally,
the Brownian motion of patrticles can be described, on thel@&howski or diffusive time
scale, by stochastic differential equations (SDEs), alsonn as Langevin equations. For
our long thin rods in a shear flow, these equations are

rit+ot) = r(t)+r-r(t) dt+="1(t)-Fg(t) ot+dr(t), (3.3)
At+3t) = ait)+[I —a)a)]-r-at)st+ %Tg(t) x Q(t)ot 4 oa(t) . (3.4)
r
Here, r represents the center of mass position of a fods a unit vector along the axial
direction of the rodFs and Ts denote the systematic force and torque, respectivels,

the unit tensor andt is the timestep used in the simulations. In Eqg. (3.3), thestegional

friction tensor= is orientation dependent:

=yj00+y, (i —00), (3.5)

wherey; andy, are the translational friction coefficients for motionsaial and perpendic-
ular to the axis of the rod, respectively, while in Eqg. (3yd)Xenotes the rotational friction
coefficient [22, 36]. From hydrodynamics, the following exgsions can be derived for long

and thin rods of length and diameteb:

i3
¥ = 3Dy’ (3.6
_ 2mnsL
M = oy 3.7)
e o= 2y, (3.8)

wherens denotes the viscosity of the solvent. The random displaneied reorientation

or (t) andd0(t), respectively, are sampled from Gaussian distributiorik méro mean and

variances
(dr()dr(t))y = 2ksT="L(t)ot, (3.9)
(Ba(0)3aM) = 2kBTy£(IA—00)6t, (3.10)
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with kgT as the thermal energy. The brackets indicate canonicaheiseaverages. In the

computer programdr (t) anddd(t) are treated in the same way as mentioned in our previous

paper [133]:
sr(t) = Guy |2 %, [2ETO UXE
Vi yr  [0x&
Gy, | 28T Ux(0x8) (3.11)
vy |0x (0x &)
Sa(t) — Ggy 27O Ox& o [2KeTot Ox(0x8) (3.12)
yoo 0 x & yooo [0x (0x &)

whereG;_5 are Gaussian random numbers with unit variance.

Note that the above algorithm will gradually change the thrg the unit vectofi. There
are two approaches to correct for this artifact: one cart tesdength of the rods at the end
of every time step by correcting either along the initial lnmag the final direction of the rod.
This point has been thoroughly investigated by Cobb andeB{&B], who found that the first
method is the proper way. We have tested both methods in owdaiions, and found that
for the timestep used here, there was no significant difteréetween the two approaches.

Equations (3.3), (3.4), (3.9) and (3.10) constitute theagigns of motion used in this
Chapter. We shall now prove that they give rise tolthparticle Smoluchowski equation,

oP

N
3 T ~A A
a0 = 2 (g0 (+0)- [P+ BPOO] -0y [PT 1y
J:

+ D% [#P+BPZP] — % [PO; x (F-0j)]}, (3.13)

which is considered to be the fundamental equation of m¢fidn22, 24] for the probability
density functiorP of finding the system at timein a statez = {z,--- ,zy } with z = {r;, G; },
given that it was in the statg at time zero. Herel]; denotes the gradient with respect to
the position of particlg and.@j =0; x Daj, WhereDaj is the gradient with respect to the
orientation of particlg. Furthermore, the diffusion coefficients Bnd D} are given by
Dy+2D;  kgTIn(L/D)

Dy 5 = 3wl (3.14)
_ 3kgTIn(L/D)
D= (3.15)

The proof that we are going to give should be considered tthéalécisive motivation for
choosing the above equations of motion. The equivalenckeoBtownian dynamics equa-
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tions of motion and the Smoluchowski equation in the absehskear flow has been derived
in Appendix B of Ref. 133. When shear is taken into account,daliti@nal term will appear
in each of the expressions of the first moments described byER]) of Ref. 133:

(Ar;8t) = —Z=7(t)-Od(t)dt+T-r(t) ot (3.16)
(AQ; 3t) Eol(t) X ZO(t)3t + [ —at)a(t)]-r-a(t)dt . (3.17)

1

Introducing these expressions into Eq. (B9) of Ref. 133 agidgu

(i—00) 045 = —-0x%, (3.18)
?fdaA(a)-,@F(z) - —j{da@-A(o))F(z), (3.19)

whereF andA are an arbitrary function and vector field, respectively,eme up with two
additional terms inside the curly brackets on the rightehside of Eq. (B11) of Ref. 133:

—0-T-rP(z,zo;t)+Z- {[(1 —G0)-T-0] x 0 P(zz01) } . (3.20)

Summing over all particles on the right-hand side of Eq. (BdfiRef. 133, we obtain the
N-particle Smoluchowski equation Eqg. (3.13) given above.

In the case of dilute solutions, the systematic foflegand torqued s are hardly impor-
tant and can be neglected. However, in the case of concethgatutions, mutual interactions
between rods play a crucial role and the systematic fdfgemd torqued s need to be taken
into account. In our previous moddts and Ts were derived from an excluded volume
potential®, which was chosen to be proportional to the overlap volumedsen two inter-
acting rods. This model was successfully applied to meakerself and collective rotational
diffusion coefficients in dilute and semidilute rod solusd133]. But when focusing on con-
centrated systems of hard rods, some disadvantages of tloiel mppear. As a result of the
random displacements and reorientations, sometimesdsyabie overlaps and even cross-
ings can not be prevented, irrespective of the smallnesgedimeste@t. In order to achieve
simulations of infinitely hard rod systems, a new simulat@chnique had to be developed.

In our new simulation program, the excluded volume potéatid its corresponding sys-
tematic forces and torques have been eliminated in favon efzant-driven technique [118],
inspired by the celebrated molecular dynamics simulatimnkard spheres by Alder and
Wainwright [1], which have been extended to molecular dyicarsimulations of infinitely
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thin rods by Frenkel and Maguire [48]. Between collisiongrg rod performs a Brownian
motion, independent of the other rods. At a collision thistioo changes abruptly. If the
linear and angular velocities of the colliding rods are kngit is straightforward to solve
the impulsive collision analytically (including the twomstraints on the lengths of the rods).
In the overdamped case, when Brownian dynamics appliesydtem looses its memory of
the initial velocities long before its configuration has ged appreciably. In this case the
velocities can be eliminated altogether and the time stegljissted to the rate of change of
the system configurations. Random displacements and néatiiens are applied to the par-
ticles as, for example, in Eqgs. (3.11) and (3.12). If theiplerfinds itself near a wall or any
other obstacle like for example a companion particle, thesdom contributions have to be
modified in a way which is known analytically only in a few silagases with spherical par-
ticles [9, 115, 116]. It has been found, however, that ingteses no noticeable differences
occur if the particle is moved in the usual way up to the pofrdomtact with the obstacle and
new random displacements, away from overlap, are chosemtplete the timestep. Several
alternative approximate methods have been suggested teepossible overlaps at time
t + ot, all being more or less equally efficient [18, 63, 108, 109,,1128].

We propose to use a similar method in the case of Brownianrdigsssimulations of rod-
like colloids, i.e., we use the random forces and torques at tirteeadvance two colliding
rods up to the time of contatt+ A 8t with 0 < A < 1, according to an obvious modification
of the original equations of motion,

Mt+Adt) =
i (t+ A dt)

F-ri(t)ASt+3r(t) VA, (3.21)
[T = i (t)0; (t)] - - Gy (H)A St + SA() VA . (3.22)

ri(t)
Gi(t)

+
_|_
At contact, new random displacement (t) and reorientatiod(’ (t) are sampled according
to Egs. (3.11) and (3.12), and

rit+ot) = rit+A3t)+I-ri(t+A3)dt(1—A)+or'(t)yv1-A, (3.23)
O(t+0t) = i(t+At)+ [ —0i(t+A3t)0(t+At)]-T-Gi(t+Adt)3t(1—A)
+ ol (t)V1-A, (3.24)

are used to complete the timestep.

In order to advance the system from titrte timet + dt, we perform the following steps:
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a4

1. At timet, a list of all possible collision pairs is compiled consistiof those pairs

whose shortest distance is smaller than a certain distaiiedan, say,rqy.. Shortest
distance here means the shortest possible distance abtaimeoving one point along
the surface of one rod and another point along the surfat¢eaither rod. This distance
can conveniently be calculated for cylinders capped withispheres of equal radius.
By regarding the oblong rods as being constructed from aégegments and using a
segment based grid and link-list, this step may be acceligipreciably.

. All rods are advanced frotto t 4+ 8t according to free Brownian motions. The list of

possible collision pairs is completed by adding those paivese shortest distance is
smaller tharrg; at this new time + ot. The criterionr¢; is the maximum separation
between two rods that still allows for a collision to occuthim a time lapse o% ot or,

in other words, the maximum distance that can occur betweendds during a time
lapse of% ot after initial contact; hence if a collision takes place betwt andt + ot
the distance between the rods must be lessithaatt and/or at + dt. Clearly,rey is

a function of the viscosity, timestegic With a timestep of & us, it proves that using
the criterionr¢y = D is always safe for preventing overlaps between rods.

. For all pairs in the list, the time of first contact is detered by interpolation of the al-

ready chosen Brownian displacements and reorientatianhigend, the time interval

is subdivided into one hundred smaller intervals and corditipns are attributed to the
end points of these intervalsusing the original random numbers and the time lapse
I 5t/100 since the beginning of the time step. Note that this iegdhat the trajectories
are assumed to be rectilinear in configuration space, butitbalistance traveled along
these trajectories varies with the square root of the timpeda /15t/100. Finally, for
each pair the time of first contact is detected and the pagatered according to

increasing time of first contact.

. The pair with the shortest time of first contact is advangedo contact. Next, new

random displacements and reorientations are chosen $qudivisuch that the rods sep-
arate initially and the table of collision pairs is updatdw times of first contact are
calculated for all pairs in the list which involve one of threotrods of the last collision
and step 4 is repeated until all possible collisions withia given time step have been
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exhausted. This way, a rod may collide several times pestiape as illustrated by rod
j in Fig. 3.1, and it is even possible for two rods to collideeaigdly with each other
in one step.

0 ot Mt 8t

Figure 3.1:A cartoon of the trajectories of three interacting rods dgrione timestept. On
the left hand side, i, j and k mark the start positions of théstoOn the right hand side, i, j
and k denote the prospective positions of the rods at the &titeastep for the given initial
set of random forces and torques. At the collision momepdsand A, 6t new random forces
and torques are drawn for the two colliding particles. Theuking modified final positions
are indicated by (double) primed indices. Solid lines deribe traversed trajectories, dotted

lines are extrapolations.

A comment as to the chosen method is in order here. As we glreadtioned, the exact
propagator for colliding Brownian particles is known forewf cases only. For point-like
particles near a flat wall, each particle which after a tti@psends in the forbidden area should
be mirrored in the wall. For colliding rods no exact solutistkknown; the reflection method
proposed by Doét al.[37], in which a particle retraces its path after a collisioan only be
considered a very approximate solution. Harral. [58] prevented rods from crossing by
introducing a normal constraint force between the rods,setstrength is determined by the
condition that the nearest distance can not drop below thelimmeter. These procedures
are only correct in the limit of very small timesteps, in whicase the number of regular
Brownian steps by far exceeds the number of (approximaté3ion steps. Therefore, we
have chosen to subdivide the large main timestep into smaihesteps for each colliding
pair, assuming that the smallest timestep still exceedsdhtact time. The latter assumption
is perhaps less realistic at high shear rates, where the flayfance the rods to slip along
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one another.

The simulation system in the present work is based on theiexpetal data ofd viruses
[88]. The simulation box is cubic and contaiNs= cL¢ /D rods, withc = 500 forL/D < 30
andc = 1000 forL/D > 60, of diametelD = 14.8 nm. Here¢ denotes volume fraction,
defined agp = %mDZL for hard rods withn the number density, anldg /D is referred to
as the scaled volume fraction. The aspect rdtid3 range from 10 to 68, hence the lengths
of the rods range fromh = 0.148um to L = 0.888um. Water is used as the solvent, with
viscosityns = 10 3Pas. The temperature is 300 K. The efficiency of the aboveribesc
algorithm is largely determined by the chosen timestep. Bavalue of 6t there will be
few collisions, but a large number of timesteps are needmdhifyh ot the length of the
collision list grows rapidly, and we might even need smalésrpolation steps to determine
the times of first contact. The optimum value &f will vary with the system studied. To
make sure that during one time step the rods will not move tateaoo much, the time
stepdt is chosen in such a way that the maximum random displacermamaller than one
tenth of the thickness of the rod and so that the maximum ran@mrientation will not be
larger than B /10L. We thus arrive at a timeste}i = 0.5 us used for all simulations in this
Chapter, which is ten times larger than that used in our ptes/ssimulations [133] with soft
interactions between rods. Notice that this is still twoesedof magnitude smaller than the
timestep for which Cobb and Butler [19] discern a differeheéveen the two approaches to
conserve the length of the unit vectar

3.2.2 Validation of the algorithm

In order to test the new algorithm, Brownian dynamics siriofes were carried out measur-
ing the self rotational diffusion coefficients () of dilute and semidilute solutions of rods.
We measured these coefficients by calculating

(G(t)-G(0)) = exp{—2D(¢)t} . (3.25)

The results are presented in Fig. 3.2 as a functiobgofD for two values ofL/D together
with similar results obtained with our previous program3IL3As is clear from this figure,
the results obtained with the two programs are in perfeadeagent with each other. Besides
this agreement, preliminary simulations of the dynamicslefise solutions of rigid rods
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Figure 3.2: The self rotational diffusion coefficients of rigid rods hwéspect ratios D =

30 and 68 as a function of the scaled volume fractiog ID. The open symbols denote
results calculated with the new event-driven algorithmtfard rods, while the solid symbols
are obtained by our previous algorithm in which the interastpotential between rods was

proportional to their overlap volume.

in shear flow have revealed [129] periodic motions whoseoplsriare in good agreement
with experimental results. We therefore consider our ngerithm to correctly describe the

dynamics of Brownian rods, even when applied to dense sgstem

3.2.3 Start configurations

The orientational order is usually measured by the scattarggaramete®,, defined a$ =
(3A —1)/2, whereA is the largest eigenvalue of the orientational order patamensor

Ls (3.26)
S==—8N GG . 3.26
N I; 1Y

Hence P, is zero in an isotropic state and becomes unity in a well aligmematic state. The
directorfi, given by the eigenvector correspondingMppoints along the average direction
of the rods. Investigations of the motions tlfiaéxhibits in a shear flow will be published
elsewhere [129, 130].

It is relatively easy to construct an initially perfectligaied state by randomly placing
parallel rods in the box, rejecting those rods that overldbp spreviously accepted rod. This
procedure is repeated until the desired number of rods éhega An initially isotropic box is
made in exactly the same way, selecting both positions aedtations of every inserted rod
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at random. This production becomes increasingly challengiith rising volume fraction
and aspect ratio, as more and more rods are being rejectguadtice, we find that scaled
volume fractiond_¢ /D of 3, 35 and 4 are attainable this way fbyD = 10, 15 and> 20,
respectively. Williams and Philipse [141] have shown thattheoretical maximum is given
by L¢ /D = 5.1, which lies well above our scaled volume fractions. Therguy of the
produced boxes is tested by confirming that the order matrigatropic,S; (0) ~ %cij, and
by the absence of domains under visual inspection.

3.3 Results and discussions

In this section, we describe the results of our simulatidreemidilute and dense systems of
rod-like colloids. First, we address the scaling of the seffitional diffusion with density.
In the remaining part of this section, we study the spinodékhe isotropic-nematic phase
transition.

3.3.1 Rotational diffusion coefficients

o L/D=68 B
2 L/D=60
© L/D=50
x L/ID=40 b
o L/ID=30

Figure 3.3:The self rotational diffusion coefficients of rigid rods hwitarious aspect ratios
as a function of the scaled volume fraction.

In Fig. 3.3, we have plotted the rotational diffusion coedfits as a function df¢ /D for
various aspect ratios. At the relatively low volume frando which this figure applies, the
self rotational diffusion coefficients are virtually equalthe collective rotational diffusion
coefficients yide infrg), which by Dhont and Briels were predicted to be linedcdryD. The
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marked difference between the simulation results and therétical prediction must be due
to the neglect of dynamic correlations in the latter. Anral&tive, more phenomenological
analysis based on the tube concept has been presented bpdBdavards [34, 35], which
was then confirmed by Monte Carlo simulations [37] on systefreds with zero diameter.
According to their theory, the self rotational diffusionefficients in the semidilute regime

should scale as
Dr(¢) = BD:(0)(nL®)~2, (3.27)

wheref3 is some numerical parameter. In Fig. 3.4, we plot our resadta function ofL3
on a log-log scale. It is clearly seen from this figure thatviitcreasing values df/D, the
curves approach a limiting master curve with a slope equal2pthereby confirming the
prediction of Doi and Edwards. Similar evidence has regdmtlen published by Cobb and
Butler [19].

g
=
< o4 o L/D=68
= A L/D=60
©
—= © L/D=50
o x L/D = 40

o L/D=30

Figure 3.4:The self rotational diffusion coefficients of rigid rods lwitarious aspect ratios
L/D as a function of the scaled volume fraction’ran log-log scale. Here n is the number
density. The solid line is a linear fit based on the resultdfdd = 68.

The collective rotational diffusion coefficient descrilthe decay back to zero of a small
perturbationdS(t) = S(t) — %IA to the isotropic state. This can be obtained by starting with
an aligned state and picking up the late stage behaviour.vélame fractions where the
decay becomes very slow, this can not be done any more andsax te invoke Onsager’s
regression hypothesis [12, 15], which states that time riggrat fluctuations in a stable or

metastable state decay according to the macroscopicil@yén the present case:
(5S(t)3S(0)) = (85(0)3S(0)) exp{ —6DF (9)t} , (3.28)
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08, = collective

Figure 3.5: The simulated self (circles) and collective (squares)tiotal diffusion coeffi-
cients as a function of the scaled volume fractigryD for solutions of rods with D = 50.

where [§°!(¢) is the collective rotational diffusion coefficient.

In Fig. 3.5, we present both the self and collective rotatiatiffusion coefficients as
functions ofL¢ /D for L/D = 50. As mentioned before [133], at lower volume fractions,
both diffusion constants are almost equal to each otherighign volume fractions, however,
the collective diffusion coefficient keeps decaying, while self diffusion coefficient levels
off to remain nonzero.

3.3.2 Spinodals

As a result of the severe constraints set by the infinitely iateractions between the par-
ticles, dense systems of rods undergo a phase transitiondmisotropic state to a nematic
state. With increasing volume fractions, the orientatiofithe individual rods in the isotropic
state become more correlated, until at the isotropic-nierapinodal (INS) the isotropic state
becomes absolutely unstable. At volume fractions abovéNBe the slightest perturbation
will drive an isotropic system towards the ordered nemdttes Similarly, on lowering the
volume fraction, an initially stable nematic state will filysdbecome unstable at the nematic-
isotropic spinodal (NIS) volume fraction. Actually no ordd state exists below the NIS,
not even an unstable one [71]. Between the NIS and INS, teeofahe system depends on
its initial state. Initial states with enough order will end in the nematic state, others will
end up in the isotropic state. In the Onsager limit of infilyiteng rods, the above scenario
has been described in detail by Kayser and Ra@géth]. For completeness we notice that
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Figure 3.6:The scalar order parameter,Rersus the scaled volume fractiog D for so-
lutions of rods with aspect ratio AD = 20. The closed circles and open squares denote
stationary order parameters obtained when starting theutitions with perfectly aligned
and isotropic boxes, respectively. The collective rotaialiffusion coefficients are plotted
as triangles. The closed triangles are calculated from teeay of an initially aligned state,
the open triangles are obtained by autocorrelating therfhadtuations, see Eq. (3.28). The
dashed line is a fit with Eq. (3.29), reaching zero at the oit-nematic spinodal indicated
by an arrow.

the thermodynamically stable state is only obtained afterdystem has splitted into two
different phases whose densities are given by the two binpmdats.

In Fig. 3.6, we show the measured order paraniétagainst the scaled volume fraction
L¢ /D for solutions of rods with an aspect ratio ofD = 20. P, is taken to be the stable
value when the system has reached equilibrium starting &@medescribed state. The solid
circles present order parameters of initially perfectigraéd systems decaying to the nematic
or isotropic state. For dense systems wherD > 3.0, the order paramet& decays from
unity to some finite value indicative of the nematic state.tHa cases when the volume
fraction L¢ /D < 3.0, the nematic state becomes unstable and the order pararetaf
these systems quickly decay to zero. The NIS can be read fieralirupt decrease of the
order parameter, which is considered to occur at 3.0.

In order to measure the INS concentration, we performedlatinuas of initially isotropic
systems with various volume fractiohg /D. In systems withL¢ /D < 3.0, the rods re-
mained chaotic, while in cases withp /D > 3.1, all systems spontaneously ordered into
a nematic phase. The isotropic-nematic spinodal is thexdfaated somewhere between
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Figure 3.7: The scalar order parametersRnd collective rotational diffusion coefficients
D(¢) as functions of the scaled volume fractiog ID for aspect ratios of 10(a), 15(b),
30(c) and 60(d). The arrows and numbers refer to the INS slailsoobtained by using
Eq. (3.29). The values &°"(¢)/D; (0) in (a)-(d) are multiplied by, 8, 10, and20, respec-
tively.

L¢/D = 3.0 and 31. The results of these simulations are represented by theres) in
Fig. 3.6.

For those systems where the density is very close to the INSerration, the order
parameter becomes more and more sensitive against theevélaation, so that it is difficult
to measure an accurate spinodal concentration using thisocheln order to better pinpoint
the INS volume fraction, we suggest to calculate the callecbtational diffusion coefficient
DeO(¢) and search for the volume fraction where it becomes zero.raienale for this is
that at the INS, the driving force for the system to beconeegiisotropic or nematic is zero.
In Fig. 3.6, besides the order parameters already discussetiave plotted the collective
rotational diffusion coefficients for the cakg¢D = 20. The solid triangles are obtained by
studying the late stages of decaying perturbatid®&) of the isotropic state, while the open
triangles result from applying Eq. (3.28). The dashed liesults from a fit through these
points according to

D) _p(Ly Lo\
o =a(gems5e) 329)

where¢ns is the INS volume fraction. The fit is only applicable in a rieted interval of

L¢ /D values leading to a value éfdifferent from(L¢ns/D) 7.
To map out the complete set of spinodals, similar simulatisere performed for systems
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with aspect ratiod /D = 10,15,30 and 60. The results are shown in Fig. 3.7(a)-(d). We
estimated the nematic-to-isotropic spinodals from theptdecay of the order parameter
obtainingLn;s/D ~ 2.8, 2.9, 3.1 and 325 for solutions of rods with. /D = 10, 15, 30
and 60, respectively. As with boxes witlyD = 20, we calculated [9"'(¢) in the stable
and metastable isotropic states and calculgtgd by fitting the results with Eq. (3.29). The
measured E?”(qb) and the fits are shown in Fig. 3.7(a)-(d). For curiosity wdaethat the
exponents in Eqg. (3.29) are well described by

1 L 1/4
a= <D) _ (3.30)

4.0 o N-I spinodal -
\.D\“ = |-N spinodal
(- o o
N o

Figure 3.8:The INS (solid squares) and NIS (solid circles) spinodaléuastions of D'L.
The open squares and circles are the binodals calculatecein ®. The use of b, rather
than the shape anisotropy/D, facilitates the comparison with theoretical predictioorThe
theoretical binodals (open triangles) and spinodals @atiangles) at infinite aspect ratio
are plotted on the y-axis for b = 0; these points were not included when fitting the lines.

We summarize our findings about the spinodals of the isatropmatic phase transition
by plotting the scaled volume fractiohspnys/D andLéns/D in Fig. 3.8 as functions of
D/L. Itis seen that the larger the aspect ratio is, the moreefsert are the volume fractions
of the two spinodals, while for short rods the region betwibertwo spinodals becomes quite
narrow. The drawn lines in Fig. 3.8 are fits to the results ofsdonulations with

Long/D = 14e2PLy27,
Lgnis/D = 0.9e /425, (3.31)

Their extrapolations to the Onsager liniig., toD/L = 0, meet the vertical axis &tpy;s/D =
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3.4 andL¢|ns/D = 4.0, respectively. These results are in good agreement wébhiqurs
theoretical predictions [71, 114]. The open squares araesirin Fig. 3.8 are taken from
Table Xl in Bolhuis and Frenkel [10], and represent the baisat the given values & /L.

It is seen that our spinodals are between the two binodalb\atlaes ofD/L, as they should
be.

3.3.3 Spinodal shift due to shear

In shear flow, the director of a nematic system of rod-likéaidé will orient itself along the
flow direction. Besides this, the flow will slightly sharperetorientational distribution of
the individual rods and enlarge the order parameter. Alsthénisotropic state an applied
shear flow will slightly align the rods along the flow directicAs a result, the two spinodals
corresponding to the isotropic-nematic phase transitidhslightly shift to lower volume
fractions with increasing shear rate. In accordance withuse in the previous section, we

define¢|ns and ¢y s as the volume fractions where

ds 1.

=0 SO=3l, (3.32)
and

?T? =0, S(0) = Af, (3.33)

respectively, fail to have solutions closeS(©). According to Dhont and Briels [24]

d 1. 5L (e T 3
ds__ L SLaw.g g SiS FT_2g@ -
S 6Dr{S SESETICREERE S)}+y{r sts.f' 29 .E} . (3.34)

whereE = %[f + fT], with the superscripT denoting a transposition, ar&l® = (0000).
We added a factor of A&l to the term proportional tb¢ /D, which results from a slightly
better evaluation of the excluded volume interaction betwi&vo rods with orientationg
and (' respectively (see Appendix 3.A). The above equation maylbsed by using the
approximation [24]

1
S4:Mm ~z{SM+M:S-S:SM-M:S5+25M S+35S:M}, (3.35)

whereM is eitherSor E. Finally, I defines the flow by = -r and equaly&@, for simple
shear flow. Assuming uniaxial ordering apeg= 0, Eq. (3.33) may be solved analytically to
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Figure 3.9:(a) The theoretical scalar order parameter & a function of the scaled volume
fraction L¢ /D at various shear rates for ID = . At low shear rates, the flow induces
a small paranematic alignment in the isotropic phase andeases the alignment of the
nematic phase. The end points of these lines are the INS aBdspihodals, which are
plotted in (b) as a function of the Peclet numiBgr. At the critical shear rate, corresponding
to Pg = 0.16, the spinodals coalesce and end, hence the two phases nméoge single
phase.

find (see Appendix 3.B)

3/ 32D 1
=l s ta (3.36)

The results of solving Egs. (3.32) and (3.33) are present&ibi 3.9. It is seen that with
increasing Peclet number Pe y/D, the two spinodal volume fractions approach each other
to become equal at the critical Peclet numbegr-P®.16 where the isotropic-nematic phase
transition ceases to exist [24]. For,Pe0 the spinodals aregns/D = 4.0 andLé¢ns/D =
32/9 in good agreement with our finding in the previous section.

In Fig. 3.10 we present the results obtained by solving E2182) and (3.33) by means
of Brownian dynamics simulations far/D = 20 and 30 and for various values of the Peclet
number. Closed symbols refer to stationary states obtdigedarting withS(0) = Af, i.e,,
by solving Eq. (3.33), while open symbols refer to statigratates obtained by starting with
S(0) = %T. Obviously the aspect ratios pertaining to this figure areagher small for the
results to apply to the casg'D = « treated by the theory presented above. Unfortunately itis
extremely difficult to extend these simulations to systentb large aspect ratios. Still, from
the results found so far, it is clear that theory and simoiegiare in agreement qualitatively.
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Figure 3.10: The simulated scalar order parameters & functions of the scaled volume
fraction L¢ /D at various shear rates for (a) AD = 20and (b) L/D = 30.

The order parameter is underestimated substantially byhwry, but the evolution of the
spinodals with increasing Peclet number is qualitativigist: Moreover the estimate of 16

for the critical number is well in the randg®@.1,0.2) found from the simulations.

3.4 Conclusion

We have described a new event-driven Brownian dynamicsittigo with which concen-
trated solutions of rigid spherocylinders in shear flow carivestigated. Compared with
existing Brownian dynamics simulations of rigid rods whewerlaps between particles are
prevented by a repulsive potential, the novelty of the nedecis in the fact that its time
evolution is controlled by collisions, like in time of fliglmolecular dynamics simulations.
Excluded volume interactions between the rods are coresiderbe infinitely hard, but hy-
drodynamic interactions are neglected. The new algorithnery efficient, as exemplified

by the fact that the timestefit is at least 10 times larger than the one used in our previous
work [133]. The general picture of the present Chapter isrsanzed as follows:

1. The calculated self rotational diffusion coefficientg @) by both the new event-driven
Brownian dynamics simulations and our previous progranoiteery well with each
other, confirming the validity of our new simulation algbrit.

2. Isotropic-nematic spinodals are calculated of rod systaith various aspect ratios
L/D. The simulated INS and NIS spinodals are well located beatvwhe binodals
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measured by Bolhuis and Frenkel [10] by Monte Carlo simaiej as they should
be. The extrapolations of the spinodals to the infinitelyglead system are in good
agreement with previous theoretical predictions by Onsagd Kayseet al.

3. Shear-shifts of the spinodals to lower values are ingastd. The measured order
parameters deviate substantially from the theoreticaliptiens [24], but the spinodal
concentrations agree rather well. The estimated critimtaitional Peclet number Pe
above which only continuous and reversible changes of tberquarameters can be

found, agree qualitatively with the predicted value P€D.16.

The present successful Brownian dynamics algorithm allesv$o investigate in detail
the dynamical properties of nematic liquid-crystallindusions of rigid spherocylinders in
shear flow. Some fascinating rheological phenomena sudieasstillating responses of the
director,i.e., tumbling, kayaking, wagging or flow-aligning, to a steadiyitig “force” will
be represented iGhapter4 and 5.

Appendix 3.A: Maier-Saupe expansion

In the derivation of Eq. (3.34), the excluded volume of twgidirods gives rise to an effective
potential proportional to

/d3R X(R,0,0') = 2DL2 |G x | , (3.A1)

whereR is the vector separating two rods with orientatiahsind (i, respectively, and
X(R,0,0") equals 1 when two rods overlap and 0 otherwise. The vectcduptsm X 0’|

may be expanded in terms of polyadic prodwgt®f O's, which may be chosen such that

fdaaa ~aa. (3.A2)

The first three of these may be chosen as

do = 1a
qn = 0,
R X
g2 = 00— §| . (3.A3)
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Expanding|d x 0’| up to second order, we obtain
|0x 0| =ag+axq5: 02, (3.A4)

where we have used the existing symmetry betwieand{’. Using

fdajaxe] = 7,
j{du ax 0oz = _§q/2’ (3.A5)
we obtain
1 15
30=Z7T, azz—aﬂ. (3.A6)
Using Eq. (3.A6) in Eq. (3.A4) and rewriting the result a bi¢ arrive at
21m 5
Ny n/l et Mot o'’
|u><u|_64 [1 7uu.uu}. (3.A7)

Compared with the corresponding expansion in Ref. 24, tbergkterm has an extra factor
of 5/4, which finally leads to the factor of/8 in front of the term proportional th¢ /D in
Eqg. (3.34).

Appendix 3.B: Zero shear nematic order parameter

For the case whep= 0 the equation of motion 8 simplifies to

d 1. 3L

dtS6Dr{S3I+4D¢(SS.SS- )} , (3.B1)
where we have made use of the closure equation (3.35). Asgumiaxial symmetrys may

be written like

1 ! .
S = /\nn+§(1f)\)e2e2+§(1f/\)e3e3
= %(14)?%(3/\*1)%, (3.B2)

where&, andé; are two unit vectors perpendicular to each other anil ttntroducing this
into Eq. (3.B1), one finds after some rewriting

;'t[s \,ﬂ 6Dr{1Z[L)¢)\(1)\)} {s ;I] . (3.83)

A stationary nonzero value &— %f can only be found for values a&f¢ /D for which the
factor between curly brackets can be put equal to zero. €hidd to Eq. (3.36).
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Kayaking and wagging of rods

in shear flow

For the first time, we have simulated the periodic colleadiientational motions
performed by rigid liquid-crystalline polymers (LCPs) tvitarge aspect ratio in
the nematic state in shear flow. In order to be able to do soawelaped a new,
event-driven Brownian dynamics technique. We presentébalts of simula-
tions of rods with aspect ratids/D ranging from 20 to 60 at volume fractions
¢ given byL¢ /D = 3.5 and4.5. By studying the path of the directoe., the
average direction of the rods, we observe kayaking, wagdiog aligning and
log rolling type of orbits, depending on the parameters efdimulation and the
initial orientation. We find that the tumbling periods degemL¢ /D and the
shear rate but not on the type of motion. Our simulation tesgialitatively
confirm theoretical predictions and are in good agreemethtthe experimental
measurements of tumbling timesfdfvirus. *

Single elongated rigid particles in a shear flow described/fyy) = y y &, with r =
x&+Yy& +7&,, trace out Jeffery orbits named after the scientist whodestribed this motion
[70]. For example, a particle initially aligned along thewllaxis & will start to rotate in
the shear pland,e., the xy-plane, with a period depending on both the aspect ratio ef th
particle and the shear rate. Particles whose long axealipithake nonzero angles with the
shear plane perform motions akin to that of the paddles ofeswmly kayaking. It is to be
expected that in a dense system of elongated particles &m b the particles will strongly
interact and will not be able to perform Jeffery motion indegently of each other. If there

* The work described in this chapter previously appeared ysPRev. Lett95, 237802 (2005).
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4. KAYAKING AND WAGGING OF RODS IN SHEAR FLOW

is any tumbling at all, this has to be performed by the pasidollectively. It is this rather
spectacular motion that we have investigated by means ofifdam dynamics simulation.
and that we address in this Chapter.

The dynamics of dense systems of elongated particles im #beawas first investigated
from a theoretical point of view independently by Hess [58d ®0i [33]. The central object
of their investigation was the director, which is the unictoe  pointing along the average
direction of the long axes of all particles. A particle withnh axis( running through a
Jeffery pathl;(t) may be characterized by a time dependent probability defgi,t) =
O(0—0y(t)) whered is a Dirac delta function on the two dimensional unit sphefée
corresponding evolution equation may serve as starting pmierive the equation governing
the evolution of the probability densiB(f,t) of the director of a dense system of elongated
particles. To this end we must add to the original evolutigonaion terms which account
for perturbations of the Jeffery paths caused by the intenrag between particles and by the
random kicks exerted by the solvent molecules on thesecfggtiDoing so we arrive at the

Smoluchowski equation first derived by Hess and Doi.

The initial motivation for deriving the Doi-Hess equatioaswto obtain expressions relat-
ing the aspect ratio of the particles to the various coefitsi®ccurring in the phenomeno-
logical theory by Ericksen [38] and Leslie [89]. The latteedry, in combination with results
obtained by means of the Doi-Hess equation, has been vecgssfal in describing the rich
rheology of dense rodlike particles systems. Besides it@sgrrheology, solutions of the
Doi-Hess equation provide detailed molecular informatidrich is difficult to obtain exper-
imentally. Over the last two decades the following pictuas kmerged: At low shear rates
and sufficiently high volume fractions, all particles cotigely tumble in the shear plane
[79, 80, 97] or perform Jeffery type of motions [84] called/&king. Tumbling is only ob-
served if the director is initially in the shear plane. Rebehowever it has been claimed
[41] that tumbling always is unstable with respect to kaggkiWith increasing shear rates
tumbling and kayaking go over into wagging [41, 80, 84] andlfininto a shear aligned
state [41, 79, 80, 84, 97]. In the wagging state the direatoiogically moves up and down
in the shear plane in a symmetrical way about the flow diractio the shear aligned state the
director is arrested [80] in the shear plane making a fixedzammangle with the flow direc-
tion. There is one more stationary state, one in which thethr is initially aligned along the
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4. KAYAKING AND WAGGING OF RODS IN SHEAR FLOW

vorticity direction,i.e., the z-axis, and remains there; this state is called the logrpHkitate.
For a more complete description of all possible motions &edt dependence on the initial
state, we refer to Hess anddger [62, 76] and references given there. Recently, a tiybrou
analysis of the predictions of the Doi-Hess equation, dagidny additional approximation
not implicit in the use of the Doi-Hess equation, has beerigiued by Foreset al. [44, 45].

The Doi-Hess equation from which the above picture has eadeiggbased on a number
of approximations which were itemized by Dhont and Briek][ZRecently we have shown
by means of Brownian dynamics simulations that at low voldiraetions of suspended rods,
these have severe consequences for the predictions matle theory [133]. In particular,
the theory neglects dynamic correlations between neigigpuods and it may therefore
be questioned if it is capable of correctly describing adlie@ motions in dense systems.
Moreover, although periodic responses have been obsemvwértdlogical experiments [14,
56, 105], no simple measurements exist discriminating eetwhe various kinds of periodic
motions. In this situation, computer experiments simatathe fullN-particle Fokker-Planck
equation will be of great value. Only very few attempts irstthirection have been undertaken.
Brownian dynamics simulations by Det al.[142, 143] are restricted to elongated particles
in the semi-dilute isotropic state. The simulations of Meftrial. [106, 107] do address the
dense state, but are restricted to particles with aspeateqtial to 3. In the first case overlap
between particles was prohibited by very steep, short rargeation forces, in the second
case by a Gay-Berne potential. Such forces become incghadlifficult to handle with
increasing aspect ratio and volume fraction. We therefetepat to develop a new, event
driven Brownian dynamics algorithm which efficiently hagslidense systems of Brownian
hard rods, and to perform simulations of such systems inrdloea The novelty of the code
is in the fact that its time evolution is controlled by calliss, like in time of flight molecular

dynamics simulations, and not by a potential preventinglaps.

The simulation was done by means of an event driven Brownjaamiics code neglect-
ing hydrodynamic interaction between rods. During eacle tatepAt the rods were propa-
gated from positiom (t) to

rt+4t) =r(t)+r-r(t)At+or(t) (4.1)
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4. KAYAKING AND WAGGING OF RODS IN SHEAR FLOW

while their orientations were changed frat) to
Q(t+AL) = () + [ —Qt)a)] - F-a(t)At + da(t) (4.2)

whererl is a matrix withl'yy = y and all remaining elements equal to zero anisl the unit
matrix. The random displacements and reorientations wengrdaccording to

(dr(t)or(t)) = 2kgT=(t)At, (4.3)
(da)sat)) = 2keTy t[T—G)ac)]at, (4.4)
where

= = yoma)+y [T-a@ae)] , (4.5)
mnsL3

o = W7 (4.6)
21mnsL

o= In(T_n/D)’ (4.7)

yo = 2y, (4.8)

with ns the viscosity of the solvent and T the temperature. Equa#oB) is sufficiently
accurate for the large aspect ratios used in this Chapteer Aach time step all pairs were
checked for possible overlaps. For each overlapping gdaércollision timet + A:At was
detected by interpolation betweeandt + At using the already chosen random displacements
and reorientations, but witht replaced byA:At. Next the pair was propagated to the point
of contact and the remaining part of the time step was comgliet a similar way. Results

of simulations at low volume fractions were in excellentesgnent with those of previous
simulations [133] using conventional Brownian dynamicsgstiff potential interactions to
prevent overlaps between the rods. The current code, howsvaore efficient and can be
operated at higher densities and larger aspect ratios.

In Fig. 4.1 we present four snapshots of a simulation boxainimg 1750 rods with
aspect ratid. /D = 25 at a volume fractiog determined by_¢ /D = 3.5. For all simulations
discussed in this Letter the diamefe 0.0148um, so the length. = 0.37 um in this case.
The solvent is always water with viscosiy = 1 mPa s and temperatureT300 K. A time
step/At was chosen equal ta®us.

The boxes shown in Fig. 4.1 were sheared with shearyatel25s 1. In framea the
rods are on average aligned along the flow direction. Halloheod is light grey, the other
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4. KAYAKING AND WAGGING OF RODS IN SHEAR FLOW

Figure 4.1:Snapshots of a simulation box with rods collectively chaggirientation by 180
degree. The four snapshots are taken at the times indicaedta c andd respectively in
the upper part of Fig. 4.2. The box contains 1750 rods of wbidly 500 are shown in each

frame, so the density is 3.5 times as high as appears fromichaes.

half dark grey. The colouring is chosen such that for eachimdthmea the dark part is to
the right of the light part. As time advances the rods callety rotate such that the dark
parts point southeast in franteand southwest somewhat later in frameFinally in frame

d the rods are aligned along the flow direction again, but nott wieir dark parts to the
left of the light partsj.e., they made a turn of 18Ground thez-axis. Since the patrticles are
symmetric, this state is indistinguishable from the origjstatea. We stress that the tumbling
of the rods is not the result of a rotation of the whole box,that it is really a rotation of the
individual rods performed collectively, without apprdaachanging position except along
the flow direction.

The details of the motion can hardly be seen from a timesedfesnapshots like in
Fig. 4.1. Therefore we plot in Fig. 4.2 the three componegisi, andri; of the director
N together with the order parameter as a function of time. Ahdame the order tensor
S(t) = N~15;Gi(t)Gi(t) was calculated and diagonalised. The eigenvector withatgest
eigenvaluel, 2 <A <1, is the directofi(t) = fi(t)&-+ fy(t)& +i,(t)& and is characteristic
for the average direction of the long axes of the particlehe €orresponding eigenvalue
is correlated to the scalar order paramé¥= (34 — 1)/2, which is equal to zero if the
rods have random orientations and equal to one in case teeredll pointing in the same
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Figure 4.2: Order parameter P (thick solid line) and director componenf (solid), fiy
(dashed) andh, (dotted) as a function of time. The upper and the lower figiilestrate the
kayaking and wagging motions, respectively. In this figuseaso indicated the times at

which the snapshots in the upper part of Fig. 4.1 were taken.

direction. Thex-component of the director is seen to periodically changmf+1 to —1 and
back again. This confirms what we inferred from inspectioRigf 4.1.

More interesting is the time evolution of, andr,. At those time spans whem, is
changing from+1 to —1 or the other way round, drops from about-0.25 to about-0.75
and returns to-0.25 again. At the same timey, alternatingly drops from zero to about
—0.75 and returns to zero or rises from zero#6.75 in order to return to zero again. This
behavior is indicative of the motion called kayaking. Ndtattthe motion is such that the
average orientation remains to be along the flow directiomfehile and that the actual flip
to the reverse orientation occurs during a rather short Span. The results presented in
this figure and elsewhere in this Chapter have been confirnitbdsimulation boxes with
volumes twice, four and eight times as large as the present on

We now summarize our findings on the basis of a large numbenfiations withL /D
ranging from 20 to 60 for two values afp /D andy ranging from 30 to 10008 At low
shear rates and for all initial conditions except whenatiifithe director is aligned along the
vorticity direction, the system ends up kayaking with a pénivhich depends op and on
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4. KAYAKING AND WAGGING OF RODS IN SHEAR FLOW

Figure 4.3: The path on the unit sphere traced out by the director of a kiygp(@) and
wagging b) box of rod-like particles with D = 25and L¢ /D = 3.5. The arrows attached
to the y-axis represent the flow field.

L¢/D. In particular tumbling turns out to be unstable with resped&ayaking except maybe
for the smallest aspect ratio. A picture of the path traceadwpuhe director during one period
is drawn in Fig. 4.3 as well as in the upper part of Fig. 4.2. At intermediate shates and
for the same initial conditions, the director moves towadhdsshear plane in order to perform
a wagging motion, as illustrated in the lower part of Fig. dw@l Fig. 4.8. The small value
of Ai; indicates an in-plane motion and the alternatiompéround zero denotes the wagging
along the shear direction. There seems to be no abrupt cledtige period at the kayaking-
to-wagging transition. At even higher shear rates the thregets arrested in the shear plane
making a nonzero angle with tkxeaxis. In case the director initially starts along the votyi
direction, it ends up performing small rotations aroundritsal direction. At high enough
shear rates, this state becomes unstable and the directesnmvards the shear plane where
it gets arrested in the same unique state, for the given saeamwhere all other systems end.
So it turns out that the results obtained so far are in quiitagreement with the predictions
of the Doi-Hess theory. Many more simulations will be neetbeconstruct a phase diagram
as has been done on the basis of the Doi-Hess equation [482 4B5].

As a quantitative test of our simulation method, we plot ig.F.4 the tumbling time
T as a function of shear ratefor all simulations withL¢ /D = 4.5. In the same plot we
present experimental results on fdevirus [91], which has an effective diameter equal to the
one that we have used and for whicfiD = 60. Using a molar weight of.64 x 10’g/mol
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Figure 4.4:Simulated and experimental tumbling times T as a functidgheohear ratey at
a volume fractionp determined by {/d = 4.5. Experiments were done [91] on the fd virus
for which L/D = 60and D= 0.0148um like in our simulations.

[88], our simulations correspond to a density ofélehg/ml while the experimental density
is 13 mg/ml. Our results, when extrapolated to the experimentalrstaas, are larger than
the experimental ones by a factor of at modt. 1Since thefd virus is slightly flexible, the
tumbling periods are expected to be smaller [55] than thé#eeostiff particles which were
used in the simulations, hence, we consider the agreemeat giv will be interesting to
investigate if the difference between the slopes of the ixgatal and the simulated curves
may also be attributed to this difference in flexibility. Asecond test we mention that for
L/D = 60, the transition from kayaking to wagging was found to odwetweeny = 27.8
and 301 s1, whereas the experimental transition occurg at30 s when the density is
14 mg/ml [91].

The preliminary results described in this Chapter can bardkggl as an Introduction to
the much detailed investigation of the collective periantientational motions of the director
in nematic solutions of rigid rods. Bhapter5, we'll present the dependence of the kayaking
period on the aspect ratio, the volume fraction as well asfipdied shear rate. The simula-
tion results will be compared with both theoretical preidics and experimental observations.
Furthermore, transitions between different types of nnstiare under investigation.
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Periodic orientational motions

of rigid liquid-crystalline

polymers in shear flow

The collective periodic motions of liquid-crystalline gaters (LCPS) in a ne-
matic phase in shear flow have, for the first time, been siradlat the parti-
cle level by Brownian dynamics simulations. A wide range afgmeter space
has been scanned, by varying the aspect tatid between 10 and 60 at three
different scaled volume fractionsp /D and an extensive series of shear rates.
The influence of the start configuration of the box on the finatiom has also
been studied. Depending on these parameters, the motidwe dlirector is ei-
ther characterized as tumbling, kayaking, log-rollingggiag or flow-aligning.
The periods of kayaking and wagging motions are givermby 4.2 %d})’ﬁl
for high aspect ratios. Our simulation results are in agexgrwith theoretical
predictions and recent shear experimentddniruses in solution. These cal-
culations of elongated rigid rods have become feasible avitlewly developed
event-driven Brownian dynamics algorithin.

5.1 Introduction

The flow instability of liquid-crystalline polymers (LCPbkas been studied both theoretically
and experimentally since the sixties of the last century {88 49, 78, 79, 89, 102, 117].
The continual interest in this topic is not only because efithportance of LCPs in technical
applications, but also due to some fascinating rheologibehomena such as the oscillating

* The work described in this chapter previously appeared@h&m. Phys., In Press (2006).
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5. PERIODIC ORIENTATIONAL MOTIONS

response of nematic liquid crystals to steady driving fereeg, shear forces [41, 43, 44,
45, 55, 57, 62, 76, 83, 81, 82, 119, 120, 144]. A molecular thed the orientational
motions of LCPs in shear flow was first formulated by Hess [3®] Boi [33], both for the
isotropic phase as well as for the liquid crystalline phasder on, Marrucci and Maffettone
[96, 97, 98, 99] analyzed the Doi-Hess model numerically dstricting the orientational
distribution function (ODF) to two dimensions, while LarsandOttinger [80, 84] studied
this model by expanding it in spherical harmonics. Theirifind showed that the director of
a nematic phase exhibits tumbling, kayaking, wagging, fdigning or log-rolling motions,
depending on the particular value of the shear rate. An itapbstep was made whendger
and Sellers [77] and Archer and Larson [6] predicted the dégrce of the tumbling period
on the scalar second and fourth order parameters. For a egloéble information and
references, we refer to the papers obfer and Hess [62, 76] and Forestl.[44, 45].

The central objective of all theories has been the invetitigaf the time evolution of the

orientational order parameter tensor
S=(0d) , (5.1)

whered is the unit vector along the long axis of the rod and the bricienote ensemble
averaging. The unit eigenvectbrof S corresponding to the largest eigenvaltieepresents
the average direction of the rods, and is known as the “dirkctf the system. The scalar
order parameter, defined & = (35— 1)/2, measures the degree of nematic order of the
system.P, is zero in an isotropic state and becomes unity in the stapeidéct alignment.
According to the Doi-Hess theory, which was recently reinadel by Dhont and Briels [24]
on the basis of thél-particle Smoluchowski equation, the time evolution of thientational
order tensor is governed by

d 1. 5L (e T )
de_ 1 SLca.g g sesfT_0og -
55 6D,{s SESTTICREE SS)}+y{r Sts.fT-29 .E}. (5.2)

Here D stands for the rotational diffusion coefficient of a singlanfinteracting rod with
lengthL and thicknes®. 1 is the unit tensor ang denotes the volume fraction of rodg.
denotes a shear rate afids the unit velocity gradient matrix (in the current stuﬁlyt &@).
E= %[f + fT], with the superscripT denoting a transposition. The fourth order tensor is
defined asS® = (0000). We will comment on this equation later, in sections 5.3 add 5
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Recent mechanical and rheo-optical experiments [14, 58,1@b] on LCPs (in this case,
a lyotropic solution of polybenzylglutamate iin-cresol) show periodic responses to low and
intermediate shear flows but an irregular response to highrstow. A very recent exper-
imental investigation [91] on solutions & viruses (rod-like biopolymers with aspect ratio
L/D = 60) also revealed periodic motions in nematic phases in \skalr flow. Obviously,
computer simulations might have helped a great deal in coinfg and testing the theo-
retical predictions. Unfortunately, only very few of thesgestigations have been done so
far. Computer simulations performed by Yamaatal.[142, 143] were limited to dilute and
semi-dilute solutions. Ding and Yang [28, 29] carried out4sfmensional Brownian dynam-
ics simulations on solutions of rigid rods in steady sheaw,flaut the translational motions
were not taken into account. Recently, three-dimensidnallations were carried out on el-
lipsoids in shear by Morét al.[106], but the low aspect ratid (D = 3) used by them makes
it difficult to compare their results with those of theorieeaperiments on LCPs. To the best
of our knowledge, no 3-D computer simulations have been duoneoncentrated rod-like
LCPs of large aspect ratios under shear. We therefore séb @aply our newly developed
event-driven Brownian dynamics algorithm [129, 132] td tee theoretical predictions and
compare with experimental findings.

This Chapter is organized as follows. After this introdugteection, the algorithm of the
event-driven technique is briefly described in section S52me simulation results and the
corresponding discussions are presented in sections 84.3n8 5.5. Finally, we conclude

our findings with a summary in section 5.6.

5.2 Simulation method

The Brownian rods are suspended in a Newtonian liquid withatiohary velocity field
V(r) =T -r, wherel' = y&@&, is the velocity gradient tensor andis the position vector
of a point in the simulation box. This velocity field corregs to a simple shear flow in
the x-direction, with a gradient in the-direction. The Langevin equations of motion for the
translation and rotation of the Brownian rods with aspetiba/D are solved on the Smolu-
chowski (diffusive) time scale. The positionsand orientationgl of all rods are therefore
updated every timestep by a displacement sampled from astaaudistribution, without in-
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tervention of the corresponding velocities. With th@ iterpretation that we employ, this
propagator gives rise to tié-particle Smoluchowski equation which is considered tohae t
fundamental equation of motion for the probability dengitpction [13, 22, 24, 36, 133].
Detailed descriptions can be found in our previous pubiticast[133].

In the present Brownian dynamics simulations, an evewnedriechnique is employed
to take the excluded volume interactions between the rigity and thin rod-like particles
into account. Inspired by the molecular dynamics simutetiof hard spherical particles
by Alder and Wainwright [1], we prevent the overlap between solute spherocylindrical
colloids by detecting the moment and the position of theigiolh and then applying ran-
dom displacements and reorientations (sampled from gii@itaissian distributions as used
in the non-collisional time steps) to separate them fronttikéding position. This algorithm
is rather distinguished from most commonly used Brownianadyics simulation methods
where a repulsive potential is employed to avoid overlapaéen hard particles. The great
advantage of the present simulation algorithm is that it €ficiently handle concentrated
systems of elongated particles in shear flow, which is exaherdifficult for ordinary sim-
ulation methods. We refer the reader to our previous worl [132] for a more extensive
discussion of the algorithm and its implementation.

Our simulation systems are modeled afterfdheirus [30, 88]. In order to set the scales,
necessary to calculate translational and rotational sliffu coefficients which involve and
D separately, we pub equal to 148 nm and usé /D as an independent parameter. Water
is used as the solvent, with viscosity = 10 3Pas. Using hydrodynamics, the rotational
diffusion coefficient then becomes [22]

D, — 3ksgTIn(L/D)
mnsL3
where the temperatur€ is always 300K andg is Boltzmann’s constant. The timestep

: (5.3)

ot = 0.5 us used in all simulations is on the safe side [129, 132], y¢im®s larger than that
used in our previous simulations [133] with soft repulsirieractions between rods. Cubic
boxes are employed with periodic boundary conditions ihetimension. The volumes of
the boxes are chosen accordingo= c%(g)~* with ¢ =500 forL/D < 40, ¢ = 750 for
L/D = 50 andc = 1000 forL/D = 60. By doing so, the edges of the boxes are always-2

3 times as long as the length of the rods. Wjth- ’7}\¥D2L, the volume fraction of rods, the
number of particles in the baX = cL¢ /D ranges from 1750 to 4500. This is a convenient
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expression sinck¢ /D roughly measures the mean field potential felt by the indiaidods
due to the hard repulsive interactions with the surrounddg, and therefore is the parameter
that we want to vary. Typically the simulations take aboutanth of CPU time on 21— 3.0
GHz Pentium IV's, with several runs at higlyD and lowy requiring up to half a year, to

complete a couple of periods.

5.3 Results at low and intermediate shear rates

5.3.1 Tumbling and kayaking

Figure 5.1:Snapshots of the normalized end-to-end vectors of rigid iodhear flow, plotted
as dots on the surface of a unit sphere. The flow directiorglwikialso the initial orientation
of every rod, runs from the left pole to the right pole. Drawret represent meridians and
parallels. A2t tumbling/kayaking motion is represented by the snapshatsFAwhich are
not evenly spaced in time. The simulation box contait&0rods with aspect ratio D = 25,

at a scaled volume fraction 85 and an applied shear ratg= 125 s'1. Note that gradually
a small secondary cluster develops, diametrically oppdsettie main cluster, of rods that
have individually flipped from parallel to antiparallel tbé director.

At sufficiently high volume fractions, spherocylinders anigze themselves into a nematic
state whose director is observed to perform periodic metinrshear flow. Snapshots from
a Brownian dynamics simulation, shown in Fig. 1 of Ref. 128ady reveal the collective
character of the orientational motion of individual rods. this Chapter, we will visualize
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this periodic motion by plotting the time evolution of thern@lized end-to-end vectors on
the surface of a unit sphere. Fig. 5.1 shows six snapshotsabf & sphere, viewed along
the vorticity direction. These snapshots describerdainbling motion, caused by the shear
flow. In frame A, the end-to-end vectors (shown as black dats)ocated in the area of the
sphere where the-components are aboutl. As time advances, these black dots move to
the left along the surface of the unit sphere, representitugnédling motion of the rods. In
frame D most dots are located in the region wherexthemponents of the end-to-end vectors
are about-1, meaning that the rods made a turn of 28fund the vorticity axis. Note that
in frame D some dots are located at the right-hand side of tiitesphere, indicating that
some rods tumble independently from the majority. A secd8@ totation can be inferred
from the sequence of D to F. In the following we adhere to thgeemental convention by

referring to a 180 tumbling as one period.
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Figure 5.2:The scalar order parameter,Rthick solid line) as well as the three components
fix (solid), fiy (dashed) andh, (dotted) of the director as functions of time. Tiggomponent
reveals how the motion of an initially flow-aligned systemle®s from in-plane tumbling to

out-of-plane kayaking.

The collective periodic motions of the individual rods cacarately be described by the
time evolution of the scalar order parameRertogether with the three components of the
director,riy. An example is given in Fig. 5.2, applying to a system in whioh aspect ratio
L/D and the scaled volume fractidrg /D of rods are equal to 25 and 3.5, respectively. The
rods are initially perfectly aligned along the shear diacti.e., thex-direction. A low shear
ratey ~ 75 s'! is chosen, giving a rotational Peclet numbef Pey/D; equal to 0.3. The
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x-component of the director, represented by a solid lineijlases betweent+1 and—1 with
roughly constant period, while thecomponent, represented by a dashed line, changes its
sign from negative to positive with the same period. The maxn absolute values of,
occur whemy becomes zero, whiley becomes zero whem, Comes to its extremum. This
behavior is characteristic of periodic tumbling of the dice from one flow aligned state to
another. During the first two periods, say before 0.3 secafdgscillates with extremely
small amplitude around zero, indicating an in-plane tuntplinotion. As time goes by,”
develops a periodically changing nonzero value, indicgiivat the in-plane tumbling motion
becomes unstable and is replaced by a periodic out-of-prantion called kayaking.

Figure 5.3:The path traced out by the directrof Fig. 5.2 on the surface of a unit sphere as
seen along the vorticity (a) and flow (b) direction. The iafp tumbling motion, character-
ized by a circle in (a) and a vertical line in (b), turns into ant-of-plane kayaking motion,
illustrated by an ellipse in (a) and a-shaped path in (b).

In order to better understand the kayaking motions, we haeed out the path of the
director on the unit sphere and plotted the results in Fig}. ¥iewed along the-direction,
as shown in Fig. 5.3(a), the path initially runs along thet gircle, indicating an in-plane
tumbling motion. When next the transformation from tumblindgayaking occurs, the trace
changes from circles to ellipses. Fig. 5.3(b) presenthéurinformation to that shown in (a)
by viewing the sphere along tixedirection. The in-plane tumbling can be easily recognized
from the motion ohy betweert-1 and—1 while ri; remains zero. After that, the gradual shift
of A, from zero to negative values reveals the change from tumidirkayaking. Obviously,
the z-component of the director does not always change from renegative values; it may
just as well adopt positive values. Sometimes it even flipmfnegative to positive values or
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vice versa

Our results confirm the theoretical findings of Faragtral. [41] who numerically solved
the Doi-Hess equation governing the time evolution of tingls particle orientational prob-
ability distribution. They indeed found that in-plane tuimg is always unstable with respect
to out-of-plane kayaking.

5.3.2 Shear rate and volume fraction dependence of the tum-
bling and kayaking period

R ) 210 500 ‘\‘2‘0’;‘ z‘toiﬁxéoj 80
Strain

Figure 5.4: The scalar order parameter,Hsolid lines) and the x (dashed) and y (dotted)

components of the director as functions of elapsed straimmHeft to right the scaled volume

fractions Ly /D are 3.5, 4.0 and 4.5 at fixed L/D = 20, while from bottom to top the shear

rate doubles.

An important feature of tumbling and kayaking motions istttfeeir periods remain
roughly constant during the complete runs. Since the dblecharacter of the kayaking
motion is a result of the excluded volume interaction betwine rods, it is to be expected
that the kayaking period depends on the scaled volume fractio$/D, measuring the
strength of the average interaction. The shear rate depead#T may be guessed by as-
suming that the phase of the motion depends on the elapséul, strore than on the elapsed
time. In order to test these hypotheses we have plotted irbFdghe scalar order parameter,
and thex andy components of the director for three valued ¢f/D and two different shear
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rates, all referring to the cade/D = 20. The three volume fractions are each well above
the isotropic to nematic phase transition [132] as evidérmethe fact that the scalar order
parameteP; is close to unity in all cases. It is evident from Fig. 5.4 tfoatall given volume
fractions, kayaking indeed takes place in proportion toeflapsed strain, independent of the
precise shear rate. This feature is in good agreement withtbeoretical predictions [24, 80]
and experimental finding [105], and indicates that the disi@riess periodP = Ty is inde-
pendent of shear rate. Comparing columns in Fig. 5.4, itusdothat the more concentrated
the system, the less oscillations are made within the saapsed strain. In Fig. 5.5, we put
the statements just made to a quantitative test by plothiegdimensionless peridd as a
function of y for three different values df¢ /D, all with L/D = 20. Within realistic error
boundspP is indeed independent gfand only depends oing /D.

30 . . —
e L$/D=35
s L/D=4.0
251 o LO/D=45
I O A
.
0 20 .t b
o aw ™ w w
15 @ g O @ g -
10 L | | |
0 200 400 600 800 1000
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Figure 5.5:The dimensionless kayaking periods P fgDL= 20 as functions of shear rate.
Horizontal lines are averages over the simulations coregsfing to l¢ /D = 3.5, 4.0 and
4.5, respectively.

In order to deduce the dependence of the kayaking périah the aspect ratit/D,
and to expand the above discussed dependence on the sdalee ¥ractionL¢ /D and the
applied shear ratg, we simulated about 100 systems with various values of thasemeters.
Shape anisotropids/D ranged from 10 to 60, volume fractions were chosen ta gD =
3.5, 40 and 45, respectively, and the applied shear rates ranged fren20 to 2000 s?.
First, we plot the kayaking periodE as a function of shear rateon log-log scale. The
dotted, dashed and solid lines in Fig. 5.6 are linear fits éosimulation results with volume
fractionsL¢ /D = 3.5, 4.0 and 45, respectively. The power law exponent of each line is very
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Figure 5.6:The dependence of the kayaking period T on the aspect ratigdaled volume
fraction and the applied shear rate. Solid, grey and opentsjsrepresent /D = 3.5, 4.0
and4.5, respectively.

close to—1, indicating thafl O y1, in agreement with the results in Fig. 5.5. Moreover, it
is evident from Fig. 5.6 that for a given scaled volume fractigp /D, all measured periods
T against shear ratgcan be fitted by the same straight line independent of thecaspiio
L/D. Only the results fot. /D = 15 diverge a little bit from the fitting lines at high shear
rates. We have omitted the results fofD = 10 because of even larger deviations from the
fitting lines.

40, T

L/D=10
e L/D=15
30 = |/D=20 b
¢ L/D=25
A L/D=30
< L/D=40
L/D=50
v L/D=60

10 1

%AO 1‘.0 é.O ‘3.0 ‘AD 5.0
Lo /D

Figure 5.7: The dimensionless kayaking period P as a function ¢fD, for various as-
pect ratios L/D in a range from10to 60. The simulation results are seen to converge with
increasing L/D to the master curve of Equation (5.4), shown as a solid line.

In Fig. 5.7, we plot the dimensionless periBas a function ofL.¢ /D in order to deduce
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the relationship between the kayaking period and the sealene fraction. Again, for short
rods (/D = 10 or 15) the results deviate substantially from those fagér rods, which
gradually approach a linear master curve described by

L, .
T=42_¢y". (5.4)
D
An initial linear fit resulted in an intercept which was zerdhin statistical errors. The fitin

the above equation was obtained by putting the interceptigx@qual to zero.

5.3.3 Finite size analysis

1
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Figure 5.8: The correlation(((t) - 0(0)) between rods’ end-to-end vector at tiiend at
time t, in cubic simulation boxes with volumes twice (b)r toues (c) and eight times (d) as
large as the standard box size (a), respectively. In all feystems, JD =10, L¢ /D =3.5
andy = 1124s~. For comparison reasons, the origins of time were shifteshéde the first
occasions ofiy = 0 coincide (dashed line).

Before comparing our simulation results with those obtdingth theories and experi-
ments, we briefly investigate their dependence on the sigeeddimulation boxes. Our main
interest is to test if the periodic motion and the corresjrmgp@eriods found in our simulation
boxes are inhibited or facilitated by the periodic boundaspditions of our simulations, or
if they are real bulk properties. To this end, we have runsd@mulations with simulation
boxes of twice, four times and eight times the volume of oangard simulation box. Since
simulation times grow dramatically with the aspect rdtjD, and obviously also with the
system size, we have chosen to perform these tests on salaticods with aspect ratio equal
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to 10. Instead of plotting the components of the director Amation of time, we now plot
(G(t) -0(0)) with 0(0) being the rod’s direction at the beginning of the simulatioote that
(O(t) - 0(0)) is not the usual autocorrelation function. The initial diien of all rods was
chosen to be along the flow directidre., ((0) = &. As aresult{G(t)-0(0)) still reveals the
periodic motions of the rods by oscillating between posiind negative values, as is shown
in Fig. 5.8. Also in Fig. 5.8 we see that the amplitude of thgsilbation gradually diminishes
with increasing time. This is due to the fact that individuadls occasionally flip their ori-
entation without causing the prevailing director to tumatahe same time. At~ 0.06 s,

in panel (c) only about four fifths of the rods appear to haveltied collectively, an inter-
pretation that is confirmed by a visual inspection of the bék. conclude from this that the
boxes are at the verge of being larger than the correlatiogtheof the collective motion,
which together with the fact that the average kayaking pkigsdhe same in all boxes, makes
us trust that the original boxes with edges of about thredengths are sufficiently large to
perform these simulations. We refer to the next two subsestior further motivation. For
reasons of CPU time we stick with these boxes.

5.3.4 Comparison with theoretical results

In this subsection we compare our simulation results wits¢hof existing theories. Since
the director is the main axis of the order ten&piits time evolution results from that &
and so is governed by Eq. (5.2). At equilibriuive., wheny = 0, the sum between curly
brackets multiplying 6P in Eg. (5.2) is equal to zero. To a good approximation it may be
assumed that in sheared systems this still holds true, east that the corresponding term is
negligible compared to the term proportionaltin Eq. (5.2). The equation of motion f&

then reads
ds_ y{zé.s+ QT-S+S-@— 259 fz} . (5.5)
dt

where we have usefl = E — & with & = {00 — (00)T} = —3{f - F'}. UsingS=

%(1— Pz)f + PNA , which holds true for uni-axial symmetries (see AppendixfBRef. 132),
and assuming thd@ does not depend on time, we arrive at

dﬁ-y{ﬁ.mm {(1+2P2)ES(4) : EH . (5.6)
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After a lot of algebra this may be shown [77, 6] to be equal to

d . N . .
“A=vifA- AE-A—E:AfA g
pril y{A-®+A [E-f ARA] | (5.7)
whereA, the tumbling parameter, will be given below. Eq. (5.7) adnpieriodic solutions

[82] only whenA is smaller than one; the period of this motion is

2n

T=—. 5.8

WIA? 58)

From the above approach, the tumbling parameter is found tpven by

1445, +16R,
A= —3p, (5.9)
o= 280071, (5.10)
P = %<35(0~ﬁ)4—30(0-ﬁ)2+3>. (5.11)

The second of these equations is just an alternative waypéssing = (35— 1)/2, while
the last one defines the fourth order scalar parameter.

Instead of trying to approximate, directly, most theorists have done implicitly so by
assuming a closure relation express8ij : Ein Eq. (5.5) in terms of the orientational order
parameter tens@. This finally leads to an approximate expressionX¥oilrhe most accurate
but complicated approximate expression was suggestedrmhtdind Leal [65]

- % {2— P +8(P)%+ SGJ;EOPZexpL_E((Z);} } . (5.12)
In Fig. 5.9 we show the dependence of the dimensionless kayplkriodP on the scalar

A

order parametd®,. The squares were obtained by measuRrfgom simulations of sheared
boxes andP, from the corresponding equilibrium simulations. The opiecies were obtained
by measurind? from the equilibrium simulations as well and by using theottyeof Larson
et al. [82], Egs. (5.8)— (5.11). The very good agreement between these two appre®ache
strongly supports Eq. (5.8), and indicates that the ortemtal probability distribution hardly
changes under shear. The dashed line in Fig. 5.9 results daptying Hinch and Leal’s
approximation [16, 65]. It is seen that, at least for the wialton of kayaking periods, this
approximation works rather well.

It is appropriate to comment on the above results. We havetbat the general theory,
as long as no closure relations are invoked, works reaspmail. This is evidenced by the

79



5. PERIODIC ORIENTATIONAL MOTIONS

40

O This work /

30 o Larsonet al. I
- Hinch & Leal !

* Experiments

o
o §
,,,,,, [
10w 7
L ) ‘ ‘ |
%.6 0.7 08 - N
P

Figure 5.9:The dimensionless kayaking period P as a function of thescatler parameter
P.. Solid squares denote the direct measurements in this V@p&n circles represent calcu-
lated periods using the theory of Larsehal.[82], Egs. (5.8) to (5.11), based on Bnd B
from equilibrium simulations. The dashed curve shows autalion of P on the basis of,P
alone, proposed by Hinch and Leal [65]. Experimental meaments by Lettingat al.[91]
are expressed as stars.

fact that the squares and circles in Fig. 5.9 coincide. Bmsste approximations involved
in deriving Eq. (5.2), the theory assumes that (i) the oagonal distribution changes little
enough to make the thermodynamic term in Eq. (5.2) negkgibimpared to the shear term,
(ii) the distribution remains uni-axial, and (i, does not change with time. All these basi-
cally mean that the distribution of rods rotates or tumbhMthout changing its moments. The
first approximation is difficult to test, since the first term the right-hand side of Eg. (5.2)
does not represent thermodynamics very well. It involve®is# somewhat shaky approx-
imations [24, 133]. A better description of the dynamic etations would lead to a better
term proportional to P Still, this would be equal to zero in the equilibrium sitieatand put
equal to zero in the above approximation. The second appaiidn mentioned abovée.,
that the distribution remains uni-axial is rather well metidg that part of each period when
the director is aligned with the flow direction. During thewad tumbling the distribution
deviates substantially from being uni-axial. The perioowéver, is mostly determined by
the flow aligned part of each period. The third approximat®also not rigorously true, as
can be seen from all our plots so far showing tRavaries during the tumbling of the rods.
Apparently, this variation is small enough to be negligible
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5.3.5 Comparison with experiments

Recently extensive experiments were done by Lettatgd. [91] on colloidal suspensions of
fd viruses under shear. In one of their plots they showed kagagheriods as a function &.
We have included their results, represented by stars, in5®g It is seen that experimental
and simulation results agree reasonably well, particulatllarger values oP,. The latter
correspond to large volume fractions where possibly theftedbility of the fd virus is less
dominant than at lower volume fractions [55].

T
* Experiments |
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L/D =60
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Figure 5.10:Comparison of the experimental kayaking periods T of thertgs\91] (stars,
L¢ /D = 4.4) and simulation results (open symbolg ID = 4.5).

One of the nice aspects of Fig. 5.9 is that it does not invdiediameter of the rods.
If we want to compare our predicted kayaking periods withegkpental results, however,
we need to attribute some numerical value to the effectipeemental diameter, which will
actually depend on the salt concentration. Following Lieresttal. [88], we have chosen the
above mentioned effective diameteidf 14.8 nm; the aspect ratio of tHd virus then is 60.
Using a molecular weight of.64 x 10" g/mol, the experimentally used density of 13 mg
corresponds th¢ /D = 4.4. The experimental periods are shown in Fig. 5.10 as a fumcti
of shear rate, together with a large number of simulationltest the value oL¢ /D = 4.5.
It is seen that simulations and experiments agree rathér @bliously, the agreement may
be partly due to a lucky choice of the effective diameterhmnext section we will add some
extra motivation for this choice. The slight difference hetslopesj.e., the experimental
periods scale ag 11 [91], probably results from the finite flexibility of tHe virus [55].
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5.4 Results at high shear rate

By solving the Doi-Hess equation, which describes the tirapethdence of monodomain
rigid rod-like colloidal systems, Larson [80] found thattkvincreasing shear rates, nematic
systems undergo several transitions between states wathtagively different director mo-
tions. Whereas at low shear rates the director performs akkayanotion of the kind we
described in the previous section, at higher shear ratesfioqpns a motion called wagging,
which becomes “arrested” into a flow-aligned state at evghdrishear rates [41, 44, 45, 57,
84, 119, 120]. We found similar transitions in our simulagpwhich we will discuss in this

section.

5.4.1 Kayaking to wagging transition

(b) ©

Figure 5.11:The paths traced out by the directors on unit spheres (viealety the vorticity
direction) at shear rates df5 (a), 250 (b) and2500s ! (c). L/D = 25and L¢ /D = 3.5.

In Fig. 5.11, we represent the paths traced out on the unérsgdby directors of nematic
systems withL/D = 25 andL¢ /D = 3.5 for different shear rates. The view is along the
vorticity axis. Fig. 5.11(a) refers to a shear rate of 7% and it is seen that during the part
of the run represented in the figure, the motion changes fronbling to kayaking similar
to our results in the previous section. Fig. 5.11(b) shovesr#sults whery = 250 s1.
Obviously, at this shear rate the director performs a cotapyleifferent type of motion than
at the lower shear rate. In agreement with theoretical ptiedis, it is located in the shear
plane and symmetrically oscillates about the flow directidheven higher shear rates, like
y = 2500 s shown in Fig. 5.11(c), the director gets arrested in the rshizme, making
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a small shear-dependent and@ewith the flow direction. This we will discuss in the next

subsection.
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Figure 5.12:The critical rotational Peclet numbé?q,,, of the kayaking to wagging transition
as a function of aspect ratio for three scaled volume fradioThe experimental result for
the fd virus [91], with l¢ /D = 4.4, is shown as a star. See the main text for a discussion of
this measurement.

By performing a large number of simulations at differentastrates, we have found that
the transition from kayaking to wagging is rather abrupt e have been able to determine
the particular shear ratg,, at which this transition occurs, for various aspect ratiod a
volume fractions. The corresponding rotational Pecletlnens Pg, = /D, are presented
in Fig. 5.12 as a function of the aspect rattiéD for three different values df¢ /D. Since
producing this plot is rather costly, we measured the vadfies,, for large aspect ratios only
for the casd_¢ /D = 4.5 since this corresponds to the experimental volume fradhat we
are interested in. First, for those aspect ratios where @ealieral volume fractions, it is seen
that Pe,, depends rather strongly drp/D. Next, forL¢ /D = 4.5 we find that Pg, goes
down with increasing aspect ratio beyoin(D =~ 40. We cannot infer from our results what
will happen in the limit ofL/D going to infinity, but it seems reasonable to expect that for
large aspect ratios Rewill drop to very low values. Keeping the diameter finite sthieans
that for very long rodss will go to zero at constant¢ /D. Finally, the star in Fig. 5.12
represents the result of Lettingd al. [91] on anfd suspension of 13 mgnl. Note that
actually the experiment yieldg,,, so the transition to Rg involves a choice of the diameter,
which in our case i® = 14.8 nm. Given the good agreement between simulations and the
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experiment, we consider our choice to be fair. Itis difficalbe very precise at this point, but
notice that a smaller value &f would only slightly diminish [ and hence the experimental
value of Pg,, while at the same time the experimental system would cporegto a smaller
value ofL¢ /D and a larger aspect ratio. The last two changes would sulzblachange the

simulated value of the Rg and make the agreement with experiment worse.

Figure 5.13:The scalar order parameterRand the three components ivfas a function of
strain for wagging (left) and flow-aligning (right) motion¥ he paths of these directors are
depicted by Fig. 5.11(b) and (c).

In the left panel of Fig. 5.13, we have plotted the order patant, and the components
of the director as a function of strain, for the system of Big.1(b). We see that, is small
and oscillates around zero, indicating an in-plane mofignemains close to unity, indicating
that no continuous rotation of the director occurs. The virmgtype of motion is revealed by
the fact thaiy oscillates around zero with a substantial amplitude. Ihisresting to notice
that these oscillations are rather asymmetrical. At théniméag of each periodj, decreases,
i.e, the director rotates clockwise when viewed along the gibytaxis, while the distribution
becomes broader, as indicated by the fact Ehatiminishes as well. WheR, has dropped
to about 05, the director abruptly changes its motion and rotateskijumunter-clockwise.
During this stage, the distribution initially continueshiooaden beforé rapidly rises as
well. OnceP, has obtained its maximum value again, the director starggadually rotate
clockwise again and the whole procedure repeats itselfs@ fiadings are in agreement with
theoretical predictions by Larson [80]. By calculating frexiods of the wagging motion for
various aspect ratios, scaled volume fractions and shtess, rae recover the same functional
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dependence as for the kayaking motiae,, Eq. (5.4) applies also to a wagging director.
These periods have therefore been added to Figs. 5.6 andvBhede it is clear that both
kayaking and wagging periods coalesce to a single line feryescaled volume fraction.

5.4.2 The flow aligned state
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Figure 5.14:The shear-dependent average an@lg between the arrested director and the
flow direction in the flow-aligned system, as a functioPef

In the right panel of Fig. 5.13, we have plotted the order patarP, and the components
of the director, corresponding to the arrested state of3:idlL(c), as a function of strain. The
fluctuations ofn; with extremely small amplitude around zero indicate anlamp motion.
The small but nonzero value of, = sin@ allows us to calculat&, from (fiy) = sinBay,
which is about 04 rad (25 degrees) in this case. In Fig. 5.14, we @} as a function of
Pe with aspect ratio and volume fraction given byD = 25 andL¢ /D = 3.5, respectively.
The average angl@y, increases with increasing shear rate until it reaches armarivalue
wherefny =~ 0.04 rad. After that a flow-induced decay @, toward zero is observed, which
is attributed to an increase of the orientational order \gllear rate. The existence of a
maximum angle was found previously by Mat al. [106] when simulating ellipsoids with
L/D = 3 in shear flow. Before them, Marrucci and Maffettone [97] hadlyzed theoretically
the nonlinear behavior of nematic rods in shear flow by sgltire Doi-Hess equation in two
dimensions, and had found a maximum fay as well.

The maximum o8By as a function of the aspect ratio of the rods is shown in Fip for
various volume fractions. We find that, on the one hand, tlgetahe shape anisotropy is, the
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Figure 5.15:The maximum averaged flow-aligned anfigyxas a function of IID, for three

scaled volume fractions.

larger is the maximum angléax while on the other handnax decreases with increasing

scaled volume fraction.

5.5 Influence of the initial director

Theoretical analysis on the basis of the Doi-Hess equatianrévealed that the stationary
orbit into which a nematic system finally settles also degemnlthe initial conditions. We
therefore investigate this dependence by simulating rédspmect ratio equal to 20 at volume
fractions given byL¢ /D = 3.5 for various initial configurations and at various sheaesat
Fig. 5.16 applies to a shear rate of 228 si.e., the rotational Peclet number equals
0.5. In Fig. 5.16(a), the rods were initially perfectly alighalong the flow directiorg, in
Fig. 5.16(b) along the gradient directi@py while in Fig. 5.16(c) they were initially placed
at random orientations in the boixe., the box starts from the (unstable) isotropic state. In
all three cases, the director ends up kayaking. In casesi(ajhy, it takes a while before
the director develops an out-of-plane component and chsaitgenotion from tumbling to
kayaking. In case (c), the order parameter quickly risegst@quilibrium value and the
director starts kayaking straight away without first pemforg some in-plane tumblings. The
latter behavior is easily understood by noting that theatimehas an out-of-plane component
from the very beginning. Fig. 5.16(d) shows what happensmthe rods start off being
perfectly aligned along the vorticity directio®;. During the whole runpP, remains close
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Figure 5.16:The scalar order parameterRthick solid line) as well as the three components
fix (solid), Ay (dashed) and, (dotted) of the director as functions of time. Nematic satiah
boxes initially aligned along the flow (a) and gradient (bjedition, as well as an initially
isotropic (c) box, quickly evolve a kayaking motion. The anbox aligned along the
vorticity direction (d), however, shows a log-rolling mwii In all plots, L/D = 20, L¢ /D =
35andy=228s1.

to one, whilen; also hardly deviates from unity, meaning that the rods ramhbise to the
vorticity axis. The component along the gradient directhmy differs slightly from zero,
indicating that the motion occurs more or less in the vejeedrticity plane. In this plane
the director is seen to oscillate, or wag, about the voytigiis. This type of motion is called
log-rolling.

So, when the rods were initially aligned along the gradiargdion, the final motion
was kayaking, while in case they started off from the vaiclirection, the final motion
was log-rolling. It is constructive to see what happens #fthal state when we gradually
change the direction along which the rods start from theigradiirection to the vorticity
direction. Thus, we ran several simulations with the rodsaity all aligned alongh(0) =
coqa)@, + sin(a )&, with a ranging from 0 to 90 degrees in steps of 10 degrees. We found
that fora < 30°, the system ended up kayaking, while foe> 40°, the end state was of the
log-rolling type. Similar results were found by Andreeisal. [5] on the basis of a continuum
equation similar to Eq. (5.2) in this Chapter. Obviouslyisitoo costly to perform similar
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calculations with the methods in present work.
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Figure 5.17:At a low shear rate o0250s%, a system initially aligned along the vorticity
direction shows a log-rolling motion (a), which is stableaagst occasional fluctuations.
At an intermediate shear rate 875s 1, the system performs a log-rolling motion at the
beginning, which gives way to a wagging (b) motion, while shene system immediately
progresses to a flow-aligning (c) state at the high shear @té500s1. L/D = 25 and
L¢/D =3.5.

Finally, we study rods which are initially aligned along thticity direction, at various
shear rates. In Fig. 5.17, we present the scalar order ptgaR&and the components of the
director as a function of strain. At a moderate shear rates6f<2*, the director exhibits a
log-rolling type of motion. At a much higher shear rate of @50, fi exhibits a flow-aligning
motion. At an intermediate shear rate of 373,9n panel (b) an initially log-rolling system
finally makes a transition to the wagging state. At a shear 08250 s the same system
remains in the log-rolling state, while at a shear rate of §00 it immediately transforms
into the wagging state. We conclude from this that the ttarstakes place gty ~ 375 s,
which is slightly larger thany,, found in the previous section for the system. Note that the
run time in Fig. 5.17(a) is much longer than in Fig. 5.16. Assutt, Fig. 5.17(a) reveals that
the log-rolling motion once in a while becomes severelyuyrbeed, but that the shear forces
and torques are not strong enough to overcome the elastes@nd to rotate the whole
system to the flow direction. At high shear rates this finallpens. Again, we leave a more

thorough analysis for future research.
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5.6 Conclusion

A newly developed event-driven Brownian dynamics algonithas enabled us, for the first
time, to simulate the fascinating collective dynamics afiskesolutions of highly elongated
rigid particles in shear flow. The aspect ratigD of the rods was varied from 10 to 60,
where the latter value and the diamefewere chosen to facilitate a numerical comparison
with recent experimental studies on solutiongbfiruses. At scaled volume fractiohg /D
of 3.5 to 4.5, the systems are in a stable nematic phase, withientation characterized by
the director. In shear flow the director is observed to tradeacumber of distinct paths, de-
pending on the values of the aforementioned properties atideinitial state of the box. We
find good agreement with numerical solutions of the Doi-Hegsation and with experiments
on thefd virus.

The main conclusions of this Chapter are:

1. At low shear rates, a system with a director initially platao the shear plane shows
a transient in-plane tumbling motion of the director, whlolves into an out-of-
plane kayaking motion over the course of several tumblingpds. This accords with

Faraoni’s findings that the tumbling motion is unstable i Bfoi-Hess theory.

2. For boxes with an initial director outside the shear phaedind that the paths of the
directors converge to either a kayaking or a log-rolling iomot Extended simulations
in the latter state show that it is a long-lived state at logastrates, which implies that

the transition barrier separating the two orbits must bdyfaigh.

3. The tumbling period of the kayaking motion is found to scpitoportional with the
scaled volume fraction and inversely proportional with shear rate, but is indepen-
dent of the aspect ratio of the ro@l:= 4.2 %(Mfl. For the longest rods,/D = 60, we
obtain kayaking periods that compare well with experimewadues on thdd virus.
Theoretical predictions by Larson and others relating tineling period to the order
parameter®, andP, are corroborated.

4. At higher shear rates both the out-of-plane kayaking heddg-rolling motions give
way to an in-plane wagging motion. The critical rate of thénsition depends strongly
onL¢/D and to a weaker extent dryD. For the longest rods, we again find a favor-
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able comparison with the experimental value. The waggimgpge closely follow the

expression for the kayaking period.

5. With increasing shear rate, the amplitude of the wagginggan steadily decreases till
a flow aligned state is reached. The angle between the direfdtus arrested state and
the flow direction, in turn, initially rises with increasirgiear rate but returns to zero
at the highest shear rates.

In Chapter6 we will report on the rheological properties [131] of thegystems.
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Shear viscosities and normal

stress differences of rigid

liquid-crystalline polymers

Shear viscosities as well as first and second normal stréfesedlices of solu-
tions of rigid spherocylindrical colloids are investigatey Brownian dynamics
simulations for shape anisotropiesD in a range from 25 to 60 and scaled vol-
ume fractiond_¢ /D from 0.5 to 4.5. A shear thinning behavior is observed in
all cases. In the isotropic phase, the calculated visessét low volume frac-
tions are in agreement with predictions by Dhont and Brietsle over a larger
range they are described by the Hess equation. The selibrdatliffusion co-
efficients obtained from the flow curves agree very well withse calculated
by traditional methods. In the nematic phase, the inflexiomipof the flow
curve is associated with the critical shear rate at whictotfentational director
changes its motion from kayaking to wagging. The first norstig@ss difference
N1 in the nematic solution is positive at low and high shears;dtet negative at
moderate rates, which is rather distinct from the monotaeteabior shown by
isotropic solutions. The simulated second normal strefésreinceN; is found
much smaller in amplitude thaxy but always opposite in sign. Our findings
qualitatively confirm existing theoretical predictionsiaaxperimental measure-
ments. A newly developed event-driven Brownian dynamigshm, in which
the excluded volume interactions between particles amrmeated as collisions
instead of repulsive potentials, has made these simutatéasible:

+ The work described in this chapter has been submitted to Maaezules (2006).
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6.1 Introduction

Suspensions of nematic rod-like colloids or liquid-cryigta polymers (LCPSs) in shear flow
exhibit unusual rheological behaviors, such as pronounsedlations of the stress against
time or a negative first normal stress difference at intefatedshear rates. Because of this
complex dynamics, as compared to conventional polymeidguconcentrated lyotropic
LCPs aroused much scientific interests both in theoretioadliptions [2, 20, 21, 23, 24,
25, 33, 36, 41, 42, 59, 62, 69, 80, 81, 82, 83, 84, 96, 97, 98aA8]in experimental ob-
servations [7, 8, 14, 17, 53, 67, 68, 73, 74, 91, 93, 103, 185].1Hess [59] and Doi [33]
suggested a molecular theory of rod-like LCPs in shear fldve Doi-Hess theory has been
solved numerically, by restricting it to two dimensions 87 by expanding the orientational
distribution function in spherical harmonics [80, 84]. las/found that the directoirge., the
average direction of the rods, exhibits tumbling, kayakiwggging, flow-aligning or log-
rolling types of motion, depending on the applied shearstaiée theoretical investigations
revealed that all peculiar behaviors mentioned above are #itributed to the periodic oscil-
lation of the director.

Besides theoretical and experimental investigations prder simulation becomes an in-
creasingly valuable supplement in the quest to understamglex LCPs. Unfortunately, the
previous computational studies on the rheology of rigicsrodly focused on isotropic solu-
tions [142, 143] or rods with small aspect ratios [106]. Iderto study suspensions of rigid
long and thin rods in shear flow, we [129, 130, 132] recenthettped an event-driven Brow-
nian dynamics simulation algorithm in which excluded votuimteractions between rods are
taken into account but hydrodynamic interactions are cemsd unimportant and negligible.
This algorithm has its inherent novelty in preventing thentsps between interacting rods
by carefully controlling the collisions in stead of by apply a repulsive potential. By this
algorithm, the collective periodic orientational motiasfsthe directors of nematic solutions
of rigid rods with large shape anisotropy are clearly désctifor the first time [129, 130].
As a supplement of the previous work, we continue our ingasittns with the rheological
propertiesj.e., viscosities and normal stress differences, of rigid Briawmods in shear flow.

This Chapter is organized as follows: In section 6.2 we lyiditcuss the microscopic
theory for the viscoelastic behavior of suspensions ofinigds with excluded volume inter-
actions. In sections 6.3.1 and 6.3.2 we investigate the shsadependence of the viscosities
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of rod-like colloids in isotropic and nematic phases, resigely, while the calculated first
and second normal stress differences are presented iorsécH.3. Finally, we summarize
our conclusions in section 6.4. The algorithm of the eveivieth Brownian dynamics simu-
lation is omitted in the present Chapter, since it has alrémen discussed iBhapters3, 4
and 5.

6.2 Theory

In this section we briefly comment on the expression that we higed to calculate stresses
from our simulation data. In order to motivate our choice, start with the one-particle

Smoluchowski equation [24]

%P(O,t) =D % - {%P(0,t) — BPO,D)T(0,t)} — % - P(0,1)a x (T -0) (6.1)

describing the time evolution of the one-particle orieiotaal probability distributiorP({,t)

of a collection of rods at timewith unit vectorsl along their long axes. The rotational oper-
ator# is defined as7 = (i x a%‘ and plays a role very similar to that of the gradient operato
O, in the description of translational diffusion.;  the rotational diffusion coefficient of a
single rod

_ 3kgTIn(L/D)

D
' mnsL3

, (6.2)

with ns the viscosity of the solvenp is 1/kgT with kg being Boltzmann’s constant afidthe
temperaturerl is the velocity gradient tensor, related to the flow veloditat positionr by
V =T -r; in this workl" = y&&, with y the shear rate arg a unit vector in thex-direction.
The average torque acting on the centraIT_cQﬂJ) in Eq. (6.1) is expressed as

T(@,t) = —E/dr’fda’ P(O/,t)g(r — ', 0,0/, 0BV (r —r',0,0) , 6.3)
wherep is the number density of rods am{r —r’,0,0’) is the pair-interaction potential
for two rods with orientation$i and{’ and center-center separatior-r’; similarly, g(r —
r’,0,0t) is the pair correlation function for the two rods mention&d\e at timet. The
main approximation made in deriving Eq. (6.1) was to neglgeirodynamic interactions
between the rods. For analytical purposes, we now negledirtte dependence of the pair
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correlation function and approximate it by its equilibrimalue for very long rods
g(r —r',0,0",t) = exp{—BV(r—r',0,0")} . (6.4)

Making one more approximation when expand'ﬁg< 0’| up to second order in orthogonal
polyadic products ofi's [132], we may calculate the equation of motion of the ordeisor
S=(00), with the brackets denoting an ensemble average, obtaiaig
%S: —6D; {s %H%(p(s(“) : SS~S)} +y{|"-s+s. Fr 254 é} . (6.5)
wherel is the unit tenso” = I /y andE = 3[F + '], with the superscript ‘T’ denoting a
transposition. The volume fraction is defineddas- 1pnD2L. S“ is a fourth order tensor
defined byS® = (0000). In a previous paper [133], we have argued that most prokihbly
last two approximations mentioned above are the most savetetermining the quality of
Eqg. (6.5). Itis important to notice that they are only usedafculating the term proportional
to L¢/D. The extra factor of p4 in this term as compared to the corresponding term in
Ref. 24 has been explained in our previous paper [132].
The expression needed to calculate the deviatoric pant the stress tensor has been
derived by Dhont and Briels [24, 25] and reads
1 ly 1

. . 5L . 1 .
_ a2 s g9+ (s®-E_iis-
b3 2r)SyE+3pkBT{S 3l tapf(s?is—s S)+6Dr (S E SIS.E)}‘ (6.6)

Also here the somewhat uncontrolled approximations cariegithe pair correlation function
are only used in a term proportional k@ /D, which carries a factor of & for the same
reason as the term proportional ltg¢ /D in Eq. (6.5). Fortunately, apart from a constant
factor, both terms proportional tog /D are equal in Egs. (6.5) and (6.6), and so we may
eliminate the one in Eq. (6.6), obtaining [24]

oy AL/D? PT_qw.g_lig.g_1dS
zfanyE+3|n<L/D)¢nsy F-s¢s.f-s9:E-Jis:E S (6.7)

This expression foE may be considered to be largely independent of any appraiinsa
concerning the pair correlation function. Obviously, ill suffers from the neglect of hydro-
dynamic interactions, which under some circumstances raasnportant. The term propor-
tional todS/dt in Eq. (6.7) will be ignored for the following reasons. In tisetropic state,
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i.e., at low volume fractions, the order tensor is constant am$equenthdS/dt has no con-
tribution at all. In the nematic state at low shear ratesotiger tensor varies periodically in
time with constant period, meaning thi&/dt is non-zero. In the present work, however, we
will calculate viscosities and normal stress differenoes@ged over integer numbers of os-
cillation periods, rendering zero the contributiongl&f/ dt to the final results. In the nematic
state at very high shear rates, the order tensor becometmobasddS/dt = 0 again.
In our simulations, we impose a simple shear flow inxtkdirection with gradient in the
y-direction. The relative viscosity* averaged over time reads
Ty, 2L/D)
yns = 3In(L/D)

while first and second normal stress differences are caénifeom their definitions:

) o(F-sesf-sve-Tis:e). (6.8)

NI = S 2y, (6.9)
N = Spy—3g. (6.10)

The bars infXy denote a time averaging.

6.3 Results and discussions

In this section, we describe our simulation results of seesn solutions of rod-like colloids.
First, we address shear viscosities of isotropic systenasfasction of shear rate. Next, we
discuss similar results for nematic phases and finally, waysfirst and second normal stress
differences in both isotropic and nematic phases in shear flo

The simulated rigid rods are based on experimental dateedfithiruses [30, 88]. These
rod-like biopolymers, because of their monodispersity ewmdl-characterized interparticle
interactions, are considered to be among the best repatisestof rigid rods for experi-
mental purposes. For a recent review article, we refer thdareto Dogic and Fraden [31].
Our simulation boxes were cubic and periodic boundary dmrdi were employed in both
the velocity and vorticity direction, while the Lees-Eddatboundary conditions were used
in the gradient direction [1]. Box volumes were chosen adiogy toV = C’ZT(%)*lL3 with
¢ =500 forL/D < 40,c = 750 forL/D = 50 andc = 1000 forL/D = 60. By doing so, the
edges of the boxes were alway$ 2- 3 times as large as the rod lengths. The number of rods
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N was obtained fromN = cL¢ /D and ranged from 250 to 4500. The diameter was chosen
to be 148 nm. Water was used as solvent, with viscosjty= 10 2 Pas. The temperature
was 300K in all cases. The event-driven algorithm descrivediously [132] was used with

a timestepdt of 0.5 us, which is at least one order of magnitude larger than thed urs

simulations [133] using semi-hard interactions betweesro

6.3.1 Shear thinning of isotropic systems
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@ o L$/D=1.0
3- o L§/D=0.5
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Figure 6.1: The relative viscosities of isotropic suspensions of rigids with aspect ratio
L/D = 25 for three scaled volume fractions. Circles, squares andntiads represent the
results for L /D = 2.0, 1.0 and 0.5, respectively, while crosses, stars and pluses represent
the corresponding)* obtained by using the closure Equation (6.11) on the basiradr
tensorsS from the simulations. Curves represent theoretical resspiedicted by Dhont and
Briels [24].

In Fig. 6.1 we have plotted the relative viscositigsas a function of shear rate for three
isotropic systems consisting of rods with aspect ratio egua5. A clear shear thinning is
observed in all cases. For comparison we have included sudtseobtained by calculating
S : E in Eq. (6.7) using the closure relation

1

S = 5{S-E+I§-S—S-S-E—E-S~S+ZS-I§-S+3SS: E}, (6.11)

on the basis of the simulated orientational order teSsdthe viscosities calculated by using
the closure Eq. (6.11) are seen to be withil3% of the exact values in the case of isotropic
suspensions. Apparently, the above closure is very aaglrahgreement with our previous
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findings [133]. Also shown in Fig. 6.1 are viscosities catatl by means of a theory by
Dhont and Briels [24], using the approximate pair correlafunction of Eq. (6.4). In the case
of L¢ /D = 0.5 the agreement is limited to the lowest shear rates and tjleatef dynamic
correlations is apparently unimportant. This holds true lesser extent whdrp /D = 1. For
L¢ /D = 2 the agreement is very bad, which was to be expected sirc@dhime fraction
is rather close to the isotropic-nematic phase transitiberer a good description of pair

correlations becomes increasingly important.
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Figure 6.2:The self rotational diffusion coefficients of rods witilL= 25 in isotropic sus-
pensions, as a function of the scaled volume fraction. €srdienote the traditional measure-
ments by using the Debye expression, Eq. (6.13), while atarsalculated from the viscosity
by the Hess theory, Eq. (6.12).

Some twenty years ago, Hess has suggested that these tiescosy be described by
[60, 61, 134]

No — Ne

1+ (y1)2° (6.12)

n"=nNe+
whereng andn,, are the values at zero shear rate and very large shear respgectively.
T, is a characteristic time given by = 1/6D,(¢). This latter expression has been tested
experimentally by Graét al.[53] on isotropic systems dfl viruses. By fitting their measured
viscosities with the Hess equation, they found @) in good agreement with self rotational
diffusion coefficients obtained from electric or magnetiefrsingence experiments [75, 94,
110]. We have made similar fits and present thégD obtained this way in Fig. 6.2, together
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with those obtained by calculating @) using
(G(t)-G(0)) = exp{—2Dy(¢)t} . (6.13)

It is seen that both methods yield results in very good agesemvith each other.

4.0y
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Figure 6.3:The relative viscosities of isotropic suspensions of rigids with L/D = 25 as
a function of shear rate. Drawn lines show the results of Bdl4) withD,(¢) calculated
from the Debye expression, Eq. (6.13), while the dashecdedsra three parameter fit with
the Hess theory, Eqg. (6.12).

In their review paper [24], Dhont and Briels apply a perttidratheory to calculate vis-
cosities of isotropic suspensions at low shear rates andidduvne fractions. By expanding
the Hess equation to the same order and comparing both eigrsg]; and n;, may be
calculated. Using the results in the Hess equation, wembtai

. L 18 1 L
n :(1+GD¢)_25H(53[W0D¢’ (6.14)
where the coefficientr is given by
q=38 LD
45In(L/D)
In Fig. 6.3 we compare viscosities obtained with this equmtiith those calculated from

(6.15)

our simulation results. It is seen that for the lowest twauveé fractions, the results agree
remarkably well. FolL¢ /D = 2.0 the agreement is less perfect, and in this case a fit with
the Hess equation using;, n., andt, as adjustable parameters performed slightly better, as
indicated by the dashed line.
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6.3.2 Shear thinning of nematic systems
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Figure 6.4: The relative viscositieg*, calculated by Equation (6.7) including theSdt
term, as a function of strain. In panel (a)-(d), four diffateshear rates are employed with the
corresponding rotational Peclet numbePg = 0.3, 0.7, 2.5 and 10.0, respectively. A run-
ning average of 8/dt is used for each panel to reduce the noise produced by tmerical

differentiation ofS.

In this section we describe our results of calculating skisaosities of nematic systems.
First, in Fig. 6.4 we plot the relative viscosity as a funotif strain for a nematic system of
rods with aspect ratio equal to 25 and scaled volume fradtipfD = 3.5 for four different
Peclet numbers. The viscositigs(t) = Z,y(t)/yns in this plot are not time averaged and
are calculated using Eq. (6.7), including the term propoal todS/dt. Similar calculations,
neglecting the term proportional tS/dt, reveal that this term smooths the results a bit, but
has no influence on the time averaged results that we aredtéerin. In panels (a) and (b),
the viscosity is clearly seen to periodically vary in tima.d previous paper [130] we found
that at the corresponding shear rates, the director of thtersybeing studied here performs
kayaking motions. Comparing viscosities and director oretj we find, to no surprise, that
the peaks in the viscosities in panels (a) and (b) occuraihstwhere the directors flip from
one flow aligned orientation to the other. Panel (c) corradpdo a shear rate just above
the kayaking to wagging transition. Hence the director isnigasituated in the shear plane,
“wagging” about the velocity direction. The viscosity daps some small oscillations, which
are rather insignificant compared to the absolute value eAt kiigh shear rates, in panel (d),
the director is arrested in the shear plane making a smalé avith the flow direction. The
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Figure 6.5: The relative viscosities of nematic suspensions of rigih revith aspect ratio
L/D = 25at three scaled volume fractions &b, 4.0 and4.5, respectively.

corresponding viscosity is virtually constant.

In Fig. 6.5 we display time averaged viscosities as a funaticsshear rate, again for rods
with aspect ratid./D = 25, for three different volume fractions. The drawn linedl we
discussed later, and should be considered as guides toetfereghe time being. As in the
case of isotropic systems, a clear shear thinning is obddoveall three volume fractions. In

Fig. 6.6 shear viscosities are shown to be linedr@rfD over a large range of shear rates.

Figure 6.6:The relative viscosities of nematic solutions of rods witB = 25 as a function
of the scaled volume fraction, for various shear rates raggromPg = 1 to 100,

Next, in Fig. 6.7 we investigate the dependencgdbn the aspect ratib/D; the scaled
volume fraction in all cases is given y /D = 4.5. Two things may be noticed. First,
the zero shear rate value of the viscosity increases sulahanvith increasing values of
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Figure 6.7:The relative viscosities of nematic systems as a functishedr rate. Solutions
of rigid rods with L/D from 25to 60 are investigated. The simulation results are fitted using
the Hess formula [61] given in Eq. (6.12).

L/D. Second, the inflexion point of the shear thinning curve rdedower shear rates with

increasing aspect ratios.
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Figure 6.8:The ratioPg,,/Pap as a function of aspect ratid?&,, denotes the critical Peclet
number at which the kayaking to wagging transition occussphtained from inspection of
the periodic orientational motions exhibited by the dicgcPgp stands for the Peclet number
calculated from the inflexion point of the viscosity by udimg Hess theory, see Eq. (6.12).
Open symbols represent systems with a scaled volume fraxfab, while the grey and solid
triangles denote i /D = 4.0 and 3.5, respectively.

It is intuitively clear that the shear ratg at the inflexion point of the viscosity curve
reveals some dominant characteristic time in the systeseelins therefore to be appropriate
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to fit the shear thinning curves for nematic systems with tessHequation, just as we did
with the corresponding curves for isotropic systems. Thavdrlines in Figs. 6.5 and 6.7
were obtained in this way. Estimatesygf are then calculated according to

yip = (V31,) 7t (6.16)

It is instructive to compare these values with the sheasnatgat the kayaking to wag-
ging transitions in the corresponding systems. Therefor&jg. 6.8 we plotyip/yw as a
function ofL/D for all systems studied in Figs. 6.5 and 6.7. It is seen thadlf@spect ratios
yip is almost equal tak,,. The origin of shear thinning in nematic systems may theesfo
safely be attributed to the kayaking to wagging transitibthe director.
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Figure 6.9:A comparison of the relative viscosities calculated by B)(shown as squares)
and (6.7) (circles) in nematic solutions of rods witil.= 25 and L¢ /D = 4.5 at various
share rates. The dotted and dashed lines are fits by the Hesp/tEq. (6.12).

Before finishing this subsection, let us make one more remarkig. 6.9 we have plot-
ted flow curvesj.e., viscosities as a function of shear rate, for systems Wjth = 25 and
L¢ /D = 4.5, once calculated using Eqg. (6.6) and once using Eq. (67@reTis a clear dif-
ference between the two curves, with Eq. (6.6) producindgftger viscosities. On fitting the
new curve with the Hess equation, we found that its inflexioimpoccurs at a shear rajp
which is a factor of 5 smaller thany,,. This discrepancy may be considered a, be it weak,
argument in favor of Eq. (6.7).
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6.3.3 Normal stress difference

Measurements [73, 74] of normal stress differences of nertigtiid crystalline polymers
show remarkable differences compared with those exhillijesotropic suspensions. For
a concentrated yet isotropic solution, the first normalsstidifferenceN; is always positive
and increases monotonically with shear rate, while thermtemrmal stress differendg,

is negative and decreases with shear rate. In nematic @adiiton the other hand, highly
nonlinear rheological behaviors are observed: both thedind the second normal stress
differences change signs several times with increasingrshée.

N, &-N, (Pa)

Figure 6.10:First (shown as circles) and second (squares; note the saf@f sign) normal
stress differences of isotropic solutions of rigid rodshwif D = 25as a function of rotational
Peclet number. The scaled volume fractigh/D is chosen equal t&.0.

In Fig. 6.10, we plotN; and—N; as a function of the rotational Peclet number in log-log
scale. The scaled volume fractibg /D is chosen equal to.Q, ensuring an isotropic system
[132]. The monotonic increase in magnitude of bdthand N, agrees qualitatively with
experimental results on rod-like PBLG (poyybenzyl L-glutama)) in the isotropic phase by
Magdaet al.[93] It is well known that the probability distribution fution of the end-to-end
vector of polymers, whether flexible or rigid, in isotropikgses are distorted from spherical
to ellipsoidal distributions when such systems are suéfkttd shear flow. The resulting elas-
tic forces must be balanced by shear forces, makiggnvariably positive andyy negative
[97]. Since the flow hardly influences the distribution in theeticity direction,Z,, remains
very small and the normal stress differences have the sigmsifin our simulation.
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The absolute values df; and N, of nematic suspensions are plotted as a function of
Peclet number in Fig. 6.11(a) and (b), respectively. ThesatsmatioL/D is chosen equal
to 25 again, while the scaled volume fractibf /D = 3.5, ensuring the nematic state of
the systems. Compared with the behaviors shown by the Eotsuspensions, distinctive
phenomena are observed in nematic phases: both normal diffesences are not monotonic
any more, but change sign with shear rate. The first normesstdifferenceN; is found
positive at low and high shear rates, but negative at intdiae shear rates. The second
normal stress differench, is much smaller in magnitude thay and always opposite in
sign. This feature o, is in accordance with that shown by isotropic solutions.
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Figure 6.11:The absolute values of the first and second normal stregsetiffes of nematic
solutions of rigid rods with D = 25 and L$ /D = 3.5, as a function of rotational Peclet
number are plotted in (a) and (b) in log-log scale, respeddtivThe critical Peclet number of
the kayaking to wagging transitidPe, is represented by an arrow.

As can be read from Fig. 6.11, the first change of sign occuastigxat the transition
from kayaking to wagging, indicated by an arrow at the uppmizontal axis, while the
second change of sign occurs around the transition from wwgdg flow-aligning, which is
difficult to pinpoint otherwise. This complex behavior wasffianalyzed by Marrucci and
Maffettone [97] on the basis of the two-dimensional anaéogfithe Doi-Hess theory. A
three-dimensional analysis was provided by Larson [80] Wdhnd three distinct regions
very much in agreement with our results. The elastic respohthe flow aligned state is to
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a large extent similar to that of the isotropic state. Thermrtional probability distribution
is already rather narrow at zero shear, since we are in a iegtate. The flow has aligned
this distribution along the flow direction and tried to navrib just like in the isotropic state.
The system is therefore rather similar to that in the isatrgfate explaining the signs df

andNjy, respectively.

-1.0k | ‘—1 | | ~ «[ 7
0

Figure 6.12:The first normal stress differencg Ktrawn curve), the scalar order parameter
P, (dotted) and the x component of the director (dashed) of émeatic solution of rods with
L/D =25and L$ /D = 3.5 as a function of strain. The upper and lower horizontal lines
represent the equilibrium scalar order parameter and thmetiaverage of the first normal
stress difference, respectively. At the applied shear yatel25 s 1, the director exhibits a
tumbling/kayaking motion.

In Fig. 6.12 we have plotted the first normal stress diffeeeNg, the scalar order pa-
rameterP, and thex component of the directamy of a tumbling system with. /D = 25,
L¢/D = 3.5 andy = 125 s* as a function of strainN; has been calculated on the basis
of Eq. (6.7) including the term proportional &5/dt. We find thatN; is basically equal to
>y From the plot we see th& rises sharply every time when the rods tumble. After the
rods have settled along the flow directidh,is somewhat larger than its equilibrium value
at the given value oL¢/D. Nj, and so als@yy, begin to gradually decrease and become
negative wherP, drops below its equilibrium value. At this staggx opposes the elastic
forces caused by the fact that the orientational distriluis too wide for the given value of
L¢/D. N1 continues to decrease until the whole process starts agdirthe next tumbling.

As a final remark we notice that the normal stress differemgeand N, calculated by
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Eqg. (6.6) are monotonic against shear rate. Since this isnregreement with experimen-

tal observation, we once more conclude that Eq. (6.7) pesvel much safer expression to

calculate stresses than Eq. (6.6).

6.4 Conclusion

We have calculated relative viscosities as well as first @edrsd normal stress differences of

suspensions of rigid liquid crystalline polymers in sheawflTo make this goal realizable, a

recently developed event-driven Brownian dynamics atboriwas used. In this algorithm,

excluded volume interactions between the rods are corglderbe infinitely hard, but hy-

drodynamic interactions are neglected.

The general picture of the present Chapter is summarizeollas/é:

1. The suspensions of rigid rods exhibit shear thinning biehan shear flow, both in
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isotropic and in nematic states.

. In the isotropic phase, the measured shear thinning swaweord very well with the

Hess equation. At low volume fractions or low shear ratesjlte by Dhont and Briels
were confirmed. The self rotational diffusion coefficierstcalated by fitting the sim-
ulation results with the Hess equation show good agreemigmtraditional measure-

ments.

. The inflexion points of the shear thinning curves of nemgyistems are associated to

the shear rates at which the director transforms its oriiem@ motion from kayaking
to wagging. Our calculated values of the inflexion pointsiargood agreement with

those measured by investigating the motion of the director.

. The first normal stress differen®g in nematic solutions of rigid rods is positive at

low or high shear rates, but negative when intermediatershéss are employed. The
second normal stress differenisk is found always with opposite sign to that Nf

and much smaller in amplitude. These fascinating behagiggather distinguished
compared to the monotonic properties that are exhibitedsbiydpic solutions. Our
simulation results qualitatively confirm both theoretipatdictions and experimental

measurements.
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Figure 6.13:Relative viscosities of solutions of fd viruses (squaregeamental [53] with
1.56 mg/ml fd in 100 mM NacCl; circles: simulations with D = 60and L¢ /D = 0.5) as
a function of shear rate. Solid curves are fits using the Hesery Eq. (6.12) on the basis

of experimental and simulation data, respectively. Thenddscurve denotes the simulated
Neéxp(0)—1
Ngim(0)—1

viscosities following a rescaling b+ (n&m(y) —1); see text for details.

It is constructive to make a quantitative comparison betwaear simulations and ex-
periments on rod-like polymers. In Fig. 6.13 we have plottesl experimental viscosities
of isotropic solutions ofd viruses measured by Grat al. [53]. Using a molar weight
[88] of 1.64 x 10’ g/mol and an effective aspect ratio of 60, the experimentabitiemf
1.56 mg/ml corresponds to a scaled volume fraction dé.0Simulated viscosities of rod
suspensions with /D = 60 andL¢ /D = 0.5 are shown as circles. The simulations deviate
from the experiments by a factor of 2. Considering the inhefiexibility of the fd virus
and the ionic strength in the aqueous solution, which higlffigcts the effective diameter of
the virus, this discrepancy is reasonable. Scaling theribomibn of the rods such that the
simulated and experimental viscosities agree at zero sagamakes them agree at all shear
rates. This scaling amounts to multiplyimg;,(y) — 1, and hencexr L¢ /D, by a factor of

(ngxp(o) - 1)/(’7;im(0) - 1)-
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Summary

In this thesis we report on Brownian dynamics simulationsaifoidal suspensions of rigid
spherocylinders in shear flow. A widely investigated topagl-like liquid crystalline poly-
mers (LCPs) in the nematic phase arouse much scientificestteboth theoretically and
experimentally, not only due to the spectacular collectvientational motions that these
systems perform under shear but also due to the peculiatodieal properties compared
to those of the isotropic phase. The goal of our study is taikite and to understand the
dynamical and rheological behavior exhibited in shear flowr simulated systems are based
on thefd virus, because this slightly flexible nearly monodispetispdlymer is considered
a convenient experimental representative for a rigid rkelparticle.

In order to test a recent microscopic theory by Dhont andI8f@ the dynamics of sus-
pensions of long and thin rigid rods, which confirmed and exiea the well-known theory
by Doi, Edwards and Kuzuu, we perform computer simulatiansautions of rigid rod-like
colloids. A Brownian dynamics (BD) simulation program isvdped to follow the dynam-
ics of the rods on the Smoluchowski time scale. For simpliaitd efficiency, this model
accounts for excluded volume interactions between rods igpalsive force proportional
to the overlap volume between two interacting rods, butewglthe relatively unimportant
hydrodynamic interactions. This model is successfullyliepgpto measure the self and col-
lective rotational diffusion coefficients in dilute and dedfilute solutions of hard rods, which
are reported irChapter 2 Moreover, it is found that the decay of the collective riatadl
diffusion coefficients with the scaled volume fraction isahwquicker than predicted by the
theory. This deviation is attributed to an oversimplifioatiof dynamical correlations in the
theory.

When focusing on concentrated solutions of rods, it unfately turns out that the inter-
action potentials cause unsurmountable difficulties whenfiopming prolonged simulations
of the highly elongated rods needed for a stable nematicephas a result of the random
displacements and reorientations, considerable ovedags®ven crossings can not be pre-
vented, irrespective of the smallness of the timestep. Tkerttzese simulations feasible, we
therefore develop an event-driven Brownian dynamics &lgor, combining the dynamics
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equations of traditional fixed time step BD with the collisibased time step commonly used
in simulations of hard spherical particles. The noveltyhaf inethod is in the fact that its time
evolution is controlled by collisions, like in time of fligmholecular dynamics simulations,
and not by a potential preventing overlaps. The new algorithkes the excluded volume
interactions between particles into account as instantaneollisions. The effect of shear
flow is also included in this method. The resulting algorithroves efficient at simulating
concentrated solutions of rods, and displays a stable neptase for elongated rods. The
speedup is at least one order of magnitude compared to thiepsgrogram!

In Chapter 3 we first validate the new algorithm by measuring self rotadi diffusion
coefficients in the semi-dilute region. The results fromhbaigorithms show perfect agree-
ment with each other and qualitative agreement with Doepthtical prediction, which has
been also confirmed by the independent Brownian dynamiagaiions by Cobb and Butler.
The isotropic-nematic spinodals of solutions of rigid spleglindrical colloids with various
shape anisotropies in a wide range from 10 to 60 are invéstigey means of the newly devel-
oped event-driven Brownian dynamics program. The caledl&otropic-nematic spinodals
lie between the previously established binodals (MontddCsimulations by Bolhuis and
Frenkel) in the phase diagram and extrapolate for infinitatg rods to Onsager’s theoretical
predictions. Moreover, we investigate the shear inducédtsgf the spinodals, qualitatively
confirming Dhont and Briels’ theory of the critical sheareratt which the two spinodals
merge and the isotropic-nematic phase transition ceasessin

For nematic solutions of rigid rods in shear flow, it has bessdjgted theoretically that
the director (the average orientation of the anisotropitiglas) exhibits a periodic orien-
tational motion,i.e., tumbling, kayaking, wagging, flow-aligning or log-roljn depending
on the applied shear rate and the initial configuration ofsy&em. To investigate these
rather spectacular motions, we perform event-driven Brawdynamics simulations of rigid
liquid-crystalline polymers with large aspect ratio in thematic state in shear flow. The
predicted collective periodic orientational motions drerefore observed directly. @hap-
ter 4, we present some snapshots to describe the collectivediermtion of rods in shear
flow. Furthermore, we show the path traced out by the diremticthe unit sphere to clearly
illustrate kayaking and wagging motions.

In Chapter § event-driven Brownian dynamics simulations of the nemstilutions of
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rods with various aspect ratios and volume fractions areritesd in detail. By carefully ex-
amining the collective motions of rods at different she&esathe kayaking period is found to
be related to volume fraction, shape anisotropy and appliedr rate. The simulation results
qualitatively confirm the theoretical predictions by Marciet al.and Larsoret al.and quan-
titatively agree with the kayaking times faf viruses measured experimentally by Lettirgja
al. The critical shear rate at which a transition between kaygkind wagging occurs is found
to depend strongly on the scaled volume fraction but onghslly on the shape anisotropy of
the rods. Moreover, we briefly study sheared rigid rod systesith different initial configu-
rations and map out the regions where the log-rolling typeaafion is observed.

In Chapter § we extend our investigations to some rheological proggfte., the viscosi-
ties and the first and second normal stress differences wiico$ of rigid rods in shear flow.
A shear thinning behavior is found both in the isotropicestatd in the nematic state. The
simulated first normal stress differences in the nematigidiccrystalline solutions exhibit
positive values at low and high shear rates, but negativgesaht intermediate shear rates,
while the second normal stress differences are always d@ppossign and much smaller in
magnitude. These unusual phenomena which agree quaitatiith both theories and ex-
periments of rod-like polymers, are distinct from the mama behaviors shown in isotropic
solutions.

The event-driven algorithm for hard spherocylinders camgied to solutions of hard
spheres with little modification. In our preliminary simtitm results of the shear-behavior
of crystals, a zig-zag motion between neighboring 111 kydérthe FCC crystal lattice is
observed when the flow direction is chosen parallel to a sytmynaxis of this plane. Fu-
ture work may be focused on taking the hydrodynamic intéastinto account, which are
omitted in the current efficient event-driven Brownian dymes program, and simulating
anisotropic colloidal (rod-like or disk-like) particlesndedded in an explicit solvent. The

solvent may even be a binary one which contains interfaces.
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Samenvatting

In dit proefschrift beschrijven we Brownse dynamica sinigvan collédale suspensies
van starre sferocilinders in een afschuifstroming. Dit éh eeel onderzocht onderwerp:
staafvormige vloeibaar kristallijne polymeren (liquid/stalline polymers, LCPs) in de ne-
matische fase hebben veel wetenschappelijke aandacbkigetr, zowel op theoretisch als
op experimenteel vlak, niet alleen vanwege de spectaeutailectieve ogntationele be-
wegingen van deze systemen in een afschuifstroming, mdadoear hun bijzondere reo-
logische eigenschappen in vergelijking tot de isotrope.fadet doel van dit onderzoek is
om het dynamische en reologische gedrag in een afschuifsigote simuleren en te door-
gronden. Ons gesimuleerde systeem is gebaseerd dg tietis, omdat dit licht flexibele,
bijna monodisperse biopolymeer als een handige experafgentpresentant van een star
staafvormig deeltje beschouwd wordt.

We hebben computersimulaties aan oplossingen van staaé/stmige colliden ge-
bruikt voor het testen van een recente microscopischeithgan Dhont en Briels, die de
bekende theorie van Doi, Edwards en Kuzuu voor de dynaminasuapensies van lange
dunne staven bevestigt en uitbreidt. Een Brownse dynanBBy §imulatie programma is
ontwikkeld om de bewegingen van de staven op de Smoluchdijgdchaal te volgen. Om
wille van simpliciteit en efficéntie worden de uigesloten-volume interacties tussenaderst
berekend als een repulsieve kracht die evenredig is metelp volume van de twee in-
teracterende staven, terwijl de relatief onbelangrijkérbgynamische wisselwerkingen ver-
waarloosd worden. Dit model is met succes toegepast tetibgpan de zelf- en collectieve
rotationele diffusiecéfficienten in verdunde en semi-verdunde oplossingen van handnst
zoals beschreven in hoofdstuk 2. De collectieve rotatmdéfusieca@fficient blijkt met stij-
gende volume fracties veel sneller te vervallen dan doothderte voorspeld wordt. Dit
verschil wordt toegeschreven aan een oversimplificatiedeadynamische correlaties in de
theorie.

Bij de overstap naar geconcentreerde oplossingen vannstdijet evenwel dat de in-
teractiepotentiaal tot onoverkomelijke problemen leidtnweer langgerekte staven in een
nematische fase voor langere tijden gesimuleerd worden.gégolge van de random ver-
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plaatsingen en rotaties kunnen aanzienlijke overlapperels doorkruisingen, niet verhin-
derd worden, zelfs niet als er kleine tijdstappen gebruitden. Om deze simulaties toch
mogelijk te maken hebben we een ‘event-driven’ Brownse dhyoa algoritme ontwikkeld,
door de bewegingsvergelijkingen van traditionale vagtistap BD te combineren met een
op botsingen gebaseerde tijdstap zoals die in simulatiebaede bollen gebruikelijk is. Het
nieuwe aan deze methode is dat de tijdsontwikkeling nu bepaardt door botsingen, zoals
in ‘time-of-flight’ moleculaire dynamica simulaties en higoor een potentiaal die overlap
probeert te voorkomen. Het nieuwe algoritme brengt de siitgen-volume interacties tussen
de deeltjes in rekening als instantane botsingen. De efieein een afschuifstroming zijn
ook opgenomen in de methode. Het resulterende algoritrjie efficient in het simuleren
van geconcentreerde oplossingen van staven en vertoorsta&girle nematische fase voor
langgerekte staven. De versnelling ten opzichte van hége/garogramma is op zijn minst
een factor tien.

In hoofdstuk 3 wordt het nieuwe algoritme allereerst gelesdird door de zelf rotationele
diffusieccefficiént in een semi-verdunde oplossing te meten. De resultaterbgide al-
goritmes zijn in goede overeenstemming met elkaar en in itatigve overeenstemming
met de theoretische voorspellingen van Doi, die ook beyéstierden door de onafhanke-
lijke Brownse dynamica simulaties van Cobb en Butler. Dedrgmp-nemaat spinodalen
van oplossingen van starre sferocilindrische ddiém met lengte-tot-diameter verhoudingen
van 10 tot 60 zijn onderzocht met het nieuw ontwikkelde exrivien Brownse dynamica
programma. De berekende isotroop-nemaat spinodalemliggleet fasediagram tussen de
eerder berekende binodalen (Monte Carlo simulaties vanuBoen Frenkel), en extrapoleren
voor oneindig hoge aspect-ratio naar Onsagers theoretigobrspellingen. Tevens wordt
de verschuiving van de spinodalen onder afschuifstronmmogpelerzocht, resulterend in een
kwalitatieve bevestiging van de theorie van Dhont en Braedsr de kritische afschuifsnel-
heid waarbij de twee spinodalen samenvloeien en de isotmearaat faseovergang ophoudt
te bestaan.

Voor nematische oplossingen van starre staven in een dffisichming wordt theoretisch
voorspeld dat de director (de gemiddeldeéatatie van de anisotrope deeltjes) een peri-
odieke beweging vertoont, gekenschetst als ‘tumblingiri&len), ‘kayaking’ (kayakken),
‘wagging’ (kwispelen), ‘flow-aligning’ (stroom-gerichf ‘log-rolling’ (boomstamrollen),
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afhankelijk van de opgelegde afschuifsnelheid en degimitconfiguratie van het systeem.
Om deze spectaculaire bewegingen te onderzoeken gebmgenent-driven Brownse dy-
namica simulaties van starre vloeibaar-kristallijne padyen met een hoge aspect ratio in een
nematische fase onder een afschuifstroming. De voorspeltkctieve periodieke ognta-
tionele bewegingen worden zo direct zichtbaar gemaaktotridstuk 4 wordt de collectieve
periodieke beweging aan de hand van een aantal snapshgtdithe Tevens laten we het
pad zien dat de director aflegt op @enheidsbol, ter verduidelijking van de kayaking en
wagging bewegingen.

In hoofdstuk 5 worden event-driven Brownse dynamica sitiegdazan nematische oplos-
singen van staven in detail beschreven voor een reeks vactaspios en volumefracties.
Door de collectieve beweging van de staven onder versnbileafschuifstroomsnelheden
nauwkeurig te bekijken vinden we dat de periode van de kagwkhing gerelateerd is aan
de volumefractie, de anisotropie van de staaf en de opgelafgthuifsnelheid. De simu-
latieresultaten bevestigen kwalitatief de theoretisab@rspellingen van Marrucat al. en
Larsonet al., en zijn in quantitatieve overeenstemming met de kayaiges varfd virussen
gemeten in de experimenten van Lettingfaal De kritieke afschuifsnelheid waarbij een
overgang plaatsvindt tussen kayaking en wagging blijkkstéte hangen van de anisotropie
van de staven. Tevens hebben we afgeschoven systemen warssisen met verschillende
startconfiguraties bestudeerd en het domein bepaald waarbde log-rolling beweging op-
treedt.

In hoofstuk 6 breiden we onze onderzoekingen uit met enkel®gische eigenschappen,
namelijk de viscositeit en de eerste en tweede ‘normal stidgerences’ van oplossingen
van starre staven in een afschuifstroming. Zowel de isetadp de nematische fase vertonen
‘shear-thinning’ gedrag. In de simulaties van nematisdbeiliaar kristallijne oplossingen is
het eerste normal stress difference positief voor hogegend&schuifsnelheden maar negatief
voor tussenliggende afschuifsnelheden, terwijl het twesttess normal difference altijd het
tegenovergestelde teken heeft en veel kleiner is. Dezewanmgeverschijnselen stemmen
kwalitatief overeen met zowel theorie als experimentensaaafvormige polymeren en ver-
schillen sterk van het monotone gedrag dat voor isotropesspigen gevonden wordt.

Het event-driven algoritme voor harde sferocilinders kak,aa kleine aanpassingen,
worden toegepast op oplossingen van harde bollen. In otgielémde simulaties naar het
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gedrag van kristallen onder een afschuifstroming vinderees zig-zag beweging tussen
naburige 111 vlakken van een FCC kristalrooster als de mirichting parallel aan een
symmetrie-as van het vlak gekozen wordt. In toekomstig wenk de hydrodynamische
wisselwerking, die in het huidige effinte event-driven Brownse dynamica programma ver-
waarloosd wordt, in rekening worden gebracht bij de sinrilgan anisotrope colidale
staaf- of discusvormig deeltjes in een expliciet oplosralddHet oplosmiddel kan zelfs een
binair mengsel zijn met grensvlakken.
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